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We develop a new method for hedging derivatives based on the premise that a hedger 
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portfolio of the stock, riskless bond and standard derivatives, but rather should design a set of 
specific, most suited financial instruments for the hedging problem.  We introduce a sequence of 
new financial instruments best suited for hedging in jump-diffusion and stochastic volatility 
market models and those with long-range dependence. Our methods lead to a new set of partial 
and partial and partial-integro differential equations for pricing derivatives. 
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In this paper, we introduce a new approach to hedging derivatives based on the premise that every 
hedging problem has its own set of most-suited trading instruments. The current approach for 
hedging an option on a stock is implemented by assuming the availability of the stock, a 
risklessless bond (or riskless bank account), and other derivatives.  It is generally assumed that 
those instruments are sufficiently liquid and available for trade. We believe that in the search for 
a best-hedging algorithm the hedger should try to choose financial instruments (linear or non-
linear)  that are most suited for the particular hedging problem, subject to any restrictions the 
hedger might have in selecting those instruments.  Within the Black-Scholes framework we 
introduce trading instruments (perpetual derivatives)  called “basic assets” in which any derivative 
can be spanned. 
Our general methodology, namely, to search for hedging instruments that are most suited 
for the hedging problems is applied to three classical problems associated with option pricing 
models. First, we apply our model to continuous-time Black-Scholes-Merton (BSM) markets (see 
Black and Scholes 1973 and Merton 1973a). We derive a new set of perpetual derivatives which 
the hedger can use to reduce the hedging costs. We extend that approach to multi-asset markets 
(following general multivariate Itô processes) as well. 
The second problem associated with option pricing models that we tackle in this paper 
deals with hedging in Merton’s jump-diffusion option pricing model (see Merton (1976)). Here 
the classical approach is to use a riskless bond and the stock, but since these two instruments cannot 
be used to hedge the jump risk, this risk is left unhedged. As a matter of fact, to hedge the jump 
risk requires an infinite number of derivatives (see Runggaldier 2003). Now we again apply our 
general method trying to answer the following question: What kind of tradable (possibly non-
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linear) financial instrument is best suited for designing a hedging strategy to eliminate jump risk?  
We answer the question and thus derive an analogue of Merton’s partial integro-differential 
equation (PIDE) for the derivative price of a fully hedged portfolio. 
Our third application of the proposed approach is hedging in the presence of stochastic 
volatility. Here there are two sources of uncertainty:  market risk and volatility risk. Although 
market risk is readily hedged by trading the stock, attempting to hedge volatility risk requires an 
additional derivative with a longer maturity than the option that the hedger seeks to hedge. This 
approach creates a vicious circle in that the hedger is trying to hedge a derivative using another 
derivative for which the hedger does not know its contract value. Thus, an analogue of the market 
risk premium is introduced (generally understood as the volatility risk premium), which now enters 
the model as a parametric function which should be potentially calibrated. Instead, we take another 
approach by posing the question of the most suitable tradable instrument for that hedging problem 
and describe the nature of the volatility risk premium by applying the Consumption Capital Asset 
Pricing Model.  
This is the essence of our methodology: if we are dealing with incomplete market, we do 
not leave the risk premia from different risk factors as unknown functions (which should be 
eventually estimated or calibrated), rather we select the best suited financial instruments, that 
should be introduced as publicly traded assets. These new assets should me the underlying market 
complete. Furthermore, even if the market is complete, we identify various spanning bases of 
assets, best suitable for the hedging problem under consideration.  
  Our final discussion is devoted to the well-known observation that “An improved model 
that is intrinsically bad is still a bad model” . This simple fact is illustrated in the using (or better 
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said misusing) of fractional Brownian motion   in arbitrage-free markets. We provide a simple 
volatility-of-volatility model as an alternative to fractional markets.  
 In summary, we can illustrate our methodology based on the following idea: Every hedging 
problem has its own set of most-suited (“ideal”) set of hedging instruments. There is no universal 
hedging instrument, as there is no universal hedging problem.1 Furthermore, ideal hedging 
instruments cannot make a bad model good; an intrinsically bad model cannot be made acceptable 
with any enhancements.  
The paper is organized as follows. In the next section, we introduce a new set of perpetual 
derivatives serving as basis sequence in hedging portfolios. In Section II, we apply our general 
method to determine what kind of tradable financial instrument is best suited for the problem of 
eliminating the jump risk in Merton’s jump-diffusion model. The solution is to use  a new financial 
instrument, which can be viewed as a bond with dividends occurring at Poisson arrivals.  The next 
application of the general method is hedging within a stochastic volatility model. What we show 
in Section III is that volatility indexes should be used as desirable hedging instruments. In all 
applications, the corresponding analogues of the Black-Scholes and Merton’s equations are 
                                                          
1It is interesting to note that the renowned Russian mathematician Andrey N. Kolmogorov used to 
comment that every approximation problem in functional analyses and probability theory requires 
a specially designed distance measure (best-suited metric) in its solution, see Rachev et al. (2013). 
Similarly, in hedging problems, the choice of the hedging instruments, should not necessarily be 
the standard ones (the stock and the riskless bond), but the ones that best reflect the nature of the 
hedging problem. 
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derived. Finally, in Section IV we provide a volatility-of-volatility model as an alternative to the 
fractional market model and provide an option price valuation as a solution of a new partial 
differential equation. The proofs are rather technical although standard. Because of their length, in 
the paper we limit them to a brief outline of the main arguments. Complete proofs are provided in 
Internet Appendix to this paper, where we also include additional comments giving more technical 
details about our methodology. 
I. A Class of “Ideal” Perpetual Derivatives 
 Consider the classical Black-Scholes-Merton BSM-framework 
(a)  a risky asset (stock) with price dynamics given by 
                          𝑑𝑆𝑡 = μ𝑆𝑡𝑑𝑡 +  𝜎𝑆𝑡𝑑𝐵𝑡,𝑡 ≥ 0, 𝑆0 > 0, μ > 0, 𝜎 > 0 ;                                       (1) 
on a stochastic basis (Ω,ℱ, {ℱ𝑡}𝑡≥0, ℙ)2 , representing the natural world, μ is the instantaneous 
stock’s mean return, and  𝜎 is the stock’s volatility; 
(b) a riskless bond given by   
                            𝑑𝛽𝑡 = r𝛽𝑡𝑑𝑡, 𝑡 ≥ 0, 𝛽0 = 1, μ > r > 0  ,                                                        (2) 
where r is the risk-free rate;  
(c) A European contingent claim (ECC) with price process Yt = 𝑌(𝑆𝑡, 𝑡) at 𝑡 ∈
[0, 𝑇], maturity 𝑇,  terminal value YT = 𝒢(𝑆𝑇), and price dynamics given by the Itô process: 
                 𝑑Yt = (
𝜕𝑌(𝑆𝑡,𝑡)
𝜕𝑡
+ 
𝜕𝑌(𝑆𝑡,𝑡)
𝜕𝑥
 μ𝑆𝑡 +
1
2
𝜕2𝑌(𝑆𝑡,𝑡)
𝜕𝑥2
 𝜎2𝑆𝑡
2) 𝑑𝑡 +
𝜕𝑌(𝑆𝑡,𝑡)
𝜕𝑥
𝜎𝑆𝑡𝑑𝐵𝑡                     (3) 
                                                          
2 (Ω, ℱ, {ℱ𝑡}𝑡≥0, ℙ) is generated by the Brownian motion 𝐵𝑡𝑡 ≥ 0,. 
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Under the equivalent martingale measure (EMM)  ℚ~ℙ the discounted price process 
Yt
𝛽𝑡
  is 
a martingale. On the real world ℙ, the derivative is hedged by a self-financing strategy 
                                                               𝑌(𝑆𝑡, 𝑡) = 𝑎𝑡𝑆𝑡 + 𝑏𝑡𝛽𝑡, with 𝑎𝑡 = 
𝜕𝑌(𝑆𝑡,𝑡)
𝜕𝑥
. 
The riskless bond and the stock are not the only tradable assets that can be used to replicate 
the ECC price-dynamics. In hedging the ECC, the trader (designated from now on by ℶ ) could 
use a perpetual derivative available for trade as shown in the next proposition: 
PROPOSITION 1: Let  𝜍 ∈ 𝑅 be a parameter and 𝕍(𝜍) is designated as the risky asset with price 
process 
𝑉𝑡
(𝜍)
= 𝑆𝑡
𝜍𝛽𝑡
𝛾 < 0 
where 
                                                𝛾 =
1−𝜁
𝑟
(𝑟 +
1
2
𝜁𝜎2) 
Then the price process  𝑉𝑡
(𝜍)
, 𝑡 ≥ 0,  discounted by the riskless bond rate is a martingale 
under the EMM ℚ~ℙ, and thus, security 𝕍(𝜍)can be traded within BSM market model (1) and (2). 
Proof: See Appendix A. 
Of interest is the perpetual derivative   𝕍 = 𝕍(𝛿),  where 𝛿 =
−2𝑟
𝜎2
 , with price process   𝑉𝑡 =
𝑉𝑡
(𝛿) = 𝑆𝑡
𝛿 .  Currently the existing “basic” traded assets are a bond (designated as Basic Asset of 
order 0, shortly  𝐵𝐴(0)=𝕎(0)) and, stock (designated as basic asset of order 1, shortly, 
𝐵𝐴(1) = 𝕎(1)). For a given 𝑛 = 2,3, .. , let  𝕎(𝑛) be a derivative with price process  𝑊𝑡
(𝑛): = 𝑉𝑡
(−𝑛)
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defined in Proposition 1. Then 𝕎(𝑛), 𝑛 ∈ ℕ(∗) 3  can be publicly traded, as 𝑊𝑡
(𝑛)
 discounted by the 
risk- free rate will be a ℚ-martingale.  We designate 𝕎(𝑛)as  basic asset of order 𝑛, shortly 𝐵𝐴(𝑛). 
The asset 𝕍 = 𝕍(𝛿),  where 𝛿 =
−2𝑟
𝜎2
, would be viewed as basic asset of infinite order, 𝕍 = 𝕎(∞) =
𝐵𝐴(∞). 
It is our view the perpetual derivative 𝕍 should be created by the financial market to  
increase its efficiency. Having 𝕍 will allow for more flexible hedging strategy, of the type 
 
Yt = 𝑎𝑡𝑆𝑡 + 𝑏𝑡𝛽𝑡 + 𝑐𝑡𝑉𝑡 
 
The real markets are far away from the BSM framework because when replicating the 
dynamics real asset instruments only 𝐵𝐴(0)and 𝐵𝐴(1)are used. We believe the possibility to trade  
a large finite subset of  {𝕎(𝑛), 𝑛 ∈ ℕ(∗) } will increase market efficiency significantly.   
As another illustration of the need of more than two basic assets let us consider    
 
hedging applying the binomial pricing model. Suppose ℶ  could hedge using one hedging  
 
instrument one time in  𝐾∆𝑡 time steps. Because ℶ could trade the stock only at Kn∆𝑡, 𝑛 ∈ ℕ  
 
points of time, ℶ could trade  𝕍  at Kn∆𝑡 + 1, 𝑛 ∈ ℕ, then 𝕎 =𝕎(1)at Kn∆𝑡 + 2, and then  𝕎(𝑘)  
 
at Kn∆𝑡 + 𝑘 + 1, 𝑘 = 𝑛 − 2.  
 
We conjecture that finding another class of perpetual derivatives that can be traded publicly 
(and has a price process with a relatively simple structure as 𝑉𝑡
(𝜍)
 ) will not be an easy task, if 
possible. As we shall see later in the section, where multi-asset market completeness will be 
analyzed, the simplicity of the synthetic hedging instruments as those suggested in Proposition 1, 
is of great importance.  Within the class of synthetic instruments, ℶ should select the ones that are 
                                                          
3 We denote ℕ ≔ {1,2, … } and ℕ(∗) = ℕ ∪ {∞}. 
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most suitable (termed “ideal”) for the hedging problem. The hedger should be armed with a variety 
of such basic assets and can select those which fit best the hedging problem the hedger faces.  Next 
we will illustrate the advantages of applying synthetic hedging instruments only using 𝕍 = 𝕍(𝛿) 
as “ideal” for hedging in a BSM-market. Indeed, in what follows we assume that 𝕍 is publicly 
traded asset. 
We start with a simple demonstration as to why it is not necessary for ℶ to use a riskless 
bond  as a second hedging instrument in the presence of a publicly traded asset 𝕍. We do so using 
the Cox-Ross-Rubinstein (CRR) option pricing model, commonly referred to as the binomial 
option pricing model, proposed by Cox, Ross and Rubinstein (1979).  
Consider the  CRR- stock price model: 
                     𝑆(𝑘+1)∆𝑡 = {
𝑆(𝑘+1)∆𝑡
+ = 𝑆𝑘∆𝑡𝑒
𝜎√∆𝑡, with probability 𝑝𝑘∆𝑡 =
𝑒𝜇∆𝑡−𝑒−𝜎√∆𝑡
2𝜎√∆𝑡
𝑆(𝑘+1)∆𝑡
− = 𝑆𝑘∆𝑡𝑒
−𝜎√∆𝑡, with probability 1 − 𝑝𝑘∆𝑡
  
𝑘 = 0,1, … , 𝑛∆𝑡 = 𝑇. Here  𝑆𝑘∆𝑡 is the price of the asset at 𝑘∆𝑡, and as 𝑛 ↑ ∞, this binomial tree 
generates a discrete price process which converges weakly to a GBM with instantaneous mean 𝜇 
and volatility 𝜎.  
 Suppose that the option 𝑌𝑡 = 𝑌(𝑆𝑡, 𝑡)  is risky; that is, it has two possible outcomes (it is 
not a riskless bond).  The trader  (ℶ) has access to publicly traded  𝕍 with price process 𝑉𝑡 =
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𝑆𝑡
𝛿 , 𝛿 =  −
2𝑟
𝜎2
, 4where 𝑟 ∈ 𝑅 is the risk-free rate which is known to ℶ. However, it is assumed that  
ℶ has no access to the riskless bond 𝛽𝑡 = 𝛽0𝑒
𝑟𝑡.  At 𝑡𝑘 = 𝑘∆𝑡 , ℶ forms a portfolio 
 𝑃𝑡𝑘 = 𝑌𝑡𝑘 − ∆
(1,𝑘)𝑆𝑡𝑘 − ∆
(𝛿,𝑘)𝑆𝑡𝑘
𝛿 .  
Choosing 
                                         ∆(1,𝑘)=
𝑌𝑡𝑘+1
+ (𝑆𝑡𝑘+1
− )
𝛿
−𝑌𝑡𝑘+1
− (𝑆𝑡𝑘+1
+ )
𝛿
 
𝑆𝑡𝑘+1
+ (𝑆𝑡𝑘+1
− )
𝛿
−(𝑆𝑡𝑘+1
+ )
𝛿
𝑆𝑡𝑘+1
−
   
and  
                                              ∆(𝛼)=
𝑆𝑡𝑘+1
+ 𝑌𝑡𝑘+1
− −𝑆𝑡𝑘+1
− 𝑌𝑡𝑘+1
+
𝑆𝑡𝑘+1
+ (𝑆𝑡𝑘+1
− )
𝛿
−(𝑆𝑡𝑘+1
+ )
𝛿
𝑆𝑡𝑘+1
−
 
lead to 𝑃𝑡𝑘+1 = 𝑌𝑡𝑘+1 − ∆
(1,𝑘)𝑆𝑡𝑘+1 − ∆
(𝛿,𝑘)𝑆𝑡𝑘+1
𝛿 = 0, and thus to 𝑃𝑡𝑘 = 0. As a result, we derive 
the risk-neutral derivative dynamics given by: 
                                 𝑌𝑡𝑘 = 𝑞𝑘∆𝑡𝑌𝑡𝑘+1
+ + (1 − 𝑞𝑘∆𝑡)𝑌𝑡𝑘+1
− , 𝑞𝑘∆𝑡 =
1
2
+
𝑟−
𝜎2
2
 
2𝜎
√∆𝑡  
We should mention here that within CRR model, other choices for assets with publicly 
traded dynamics are possible.  Suppose, for example that ℶ has access to publicly traded  𝕍(∗) with 
price process (see Proposition 1): 
𝑉𝑡𝑘 = (𝑆𝑡𝑘 + 𝑆𝑡𝑘−1 (√−
1
2𝑟
𝜎2𝜍𝑘 − 1))
𝜍𝑘
 
                                                          
4 The price process 𝑆𝑡
𝛿 , 𝛿 =  −
2𝑟
𝜎2
  , discounted by the riskless rate, is a martingale under the 
equivalent martingale measure ℚ defined by the market price for risk 𝜃 =
𝜇−𝑟
𝜎
 .  
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where  𝜍𝑘 = −
𝑟𝑆𝑡𝑘
𝑆𝑡𝑘−𝑆𝑡𝑘−1
∆𝑡. Then trading security  𝕍(∗) and the stock are sufficient set of 
instruments in hedging the ECC contract5. 
The concept of using the riskless bond in the hedge portfolio is based on the fact that the 
derivative itself might be a bond and thus one needs to form a portfolio of the type 𝑌𝑡𝑘 −
𝐷(1,𝑘)𝑆𝑡𝑘 − 𝐷
(𝛿,𝑘)𝛽𝑡𝑘, and repeating the same arguments as before to obtain the value of 𝑌𝑡𝑘 . Our 
conclusion is that to hedge a risky option, ℶ does not need to form a portfolio comprised of the 
stock and a bond to replicate the option rather ℶ could use the stock  and asset 𝕍 (or 𝕍(∗)). Next 
we extend this approach to the classical BSM market (see equations (1),(2),(3)).The celebrated 
BMS formula for 𝑌(x, 𝑡), 𝑡 ∈ [0, 𝑇), 𝑥 > 0, is derived under the assumption that the hedger (the 
ECC writer, ℶ ) replicates the ECC’s price process by investing in the stock and purchasing the 
risk-less bond (or depositing in the riskless bank account). Indeed, it very might be that ℶ has no 
access to the riskless bank account or riskless bond (or simply decided not to use it due to some 
market or trading restrictions). We assume however that  ℶ could trade the asset 𝕍. 
Next we derive the BSM-equation using as hedging instruments 𝕍  and the stock. 
PROPOSITION 2: (Derivation of BSM-equation without trading the riskless asset): Suppose (1) 
and (2) hold, the riskless asset is not available for trade, but security 𝕍 with price process 𝑉𝑡 =
𝑆𝑡
𝛿 , 𝑡 ≥ 0, 𝛿 = −
2𝑟
𝜎2
 is publicly traded. Then  𝑌(𝑥, 𝑡), 𝑥 > 0, 𝑡 ≥ 0 satisfies the BSM-equation: 
𝜕𝑌(𝑥, 𝑡)
𝜕𝑡
+ 𝑟𝑥
𝜕𝑌(𝑥, 𝑡)
𝜕𝑥
− 𝑟𝑌(𝑥, 𝑡) +
1
2
𝜎2𝑥2
𝜕2𝑌(𝑥, 𝑡)
𝜕𝑥2
 = 0 
                                                          
5 See Comment B5 in the Appendix B in the Internet Appendix to this paper. 
10 
 
 Proof: See Appendix A. 
Now suppose that when trading the stock, ℶ  was not able to trade the stock with publicly 
available dynamics, due to various transaction costs, market impact and other frictions, and thus 
the stock-price in ℶ′𝑠 hedge portfolio would have the following price dynamics: 
                        𝑑𝑆𝑡 = μ(1 − 𝜀)𝑆𝑡𝑑𝑡 + 𝜎(1 + 𝜖)𝑆𝑡𝑑𝐵𝑡,𝑡 ≥ 0, 𝑆0 > 0, μ > 0, 𝜎 > 0                   (4)     
for some “friction parameter” 𝜖 > 0. As a hedger, suppose that  ℶ decides to minimize the negative 
effect of the friction parameter by adding to the hedge portfolio of bond and stock the publicly 
available for trade security  𝕍 = 𝕍(𝛿)  as well. The price dynamics of  𝕍 = 𝕍 is given by 
                                           𝑑𝑉𝑡 = 𝜇𝑉𝑉𝑡𝑑𝑡 + 𝜎𝑉𝑉𝑡𝑑𝐵𝑡                                            
with 𝜇𝑉 = 𝛿𝜇 +
1
2
 𝛿( 𝛿 − 1)𝜎2 and 𝜎𝑉 = 𝛿𝜎.  Suppose that  ℶ trades 𝕍 with an inferior to the 
publicly available 𝕍 -price dynamics. Let us assume that  ℶ  trades  𝕍  with price dynamics given 
by 
                                      𝑑𝑉𝑡 = 𝜇𝑉(1 − 𝜀)𝑉𝑡𝑑𝑡 + 𝜎𝑉(1 + 𝜖)𝑉𝑡𝑑𝐵𝑡                                          (5)                                     
Now the problem ℶ faces is to find a replication strategy 
                                                Yt = 𝑎𝑡𝑆𝑡 + 𝑏𝑡𝛽𝑡 + 𝑐𝑡𝑉𝑡.                                                               
Thus, the replication dynamics should satisfy: 
(
𝜕𝑌(𝑆𝑡, 𝑡)
𝜕𝑡
+ 
𝜕𝑌(𝑆𝑡, 𝑡)
𝜕𝑥
 μ𝑆𝑡 +
1
2
𝜕2𝑌(𝑆𝑡, 𝑡)
𝜕𝑥2
 𝜎2𝑆𝑡
2)𝑑𝑡 +
𝜕𝑌(𝑆𝑡, 𝑡)
𝜕𝑥
𝜎𝑆𝑡𝑑𝐵𝑡 = 
                                 = (𝑎𝑡μ(1 − 𝜀)𝑆𝑡 + 𝑏𝑡𝑟𝛽𝑡 + 𝑐𝑡𝜇𝑉(1 − 𝜀)𝑉𝑡)𝑑𝑡 +  
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                                                +(𝑎𝑡𝜎(1 + 𝜖)𝑆𝑡 + 𝑐𝑡𝜎𝑉(1 + 𝜖)𝑉𝑡)𝑑𝐵𝑡                             (6) 
The hedger determines 𝑐𝑡 to minimize the hedging error 
((𝑎𝑡𝜎(1 + 𝜖)𝑆𝑡 + 𝑐𝑡𝜎𝑉(1 + 𝜖)𝑉𝑡) − 𝑎𝑡𝜎𝑆𝑡)
2
+ 
                    (𝑎𝑡μ(1 − 𝜀)𝑆𝑡 + 𝑏𝑡𝑟𝛽𝑡 + 𝑐𝑡𝜇𝑉(1 − 𝜀)𝑉𝑡 − ((𝑎𝑡μ𝑆𝑡 + 𝑏𝑡𝑟𝛽𝑡)))
2
 → 𝑚𝑖𝑛        (7)    
In the next proposition, we derive the PDE for the option price 𝑌(𝑆𝑡, 𝑡) for the hedger  ℶ: 
PROPOSITION 3: Under the assumptions (4), (5), and (6), (7), 𝑌(𝑆𝑡, 𝑡)  satisfies the PDE: 
𝜕𝑌(𝑥, 𝑡)
𝜕𝑡
+
𝜕𝑌(𝑥, 𝑡)
𝜕𝑥
(𝑟 + 𝛤(𝑡, 𝜀)) −  𝑟𝑌(𝑥, 𝑡) +
1
2
𝜎2𝑥2
𝜕2𝑌(𝑥, 𝑡)
𝜕𝑥2
 = 0 
where “dynamic friction cost rate” 𝛤(𝑡, 𝜀) is given by  
𝛤(𝑡, 𝜀) = 𝜇 − 𝑟 +  𝛹(𝑡, 𝜀)[1 − 𝜇(1 − 𝜀) + 𝑟𝛩(𝑡, 𝜀)𝑆𝑡
𝛿−1 −  𝛩(𝑡, 𝜀)𝜇𝑉(1 − 𝜀)𝑆𝑡
𝛿−1] 
where 
                                            𝛹(𝑡, 𝜀) =:
𝜎𝑆𝑡
𝜎(1+𝜖)𝑆𝑡+𝛩(𝑡,𝜀)𝜎𝑉(1+𝜖)𝑉𝑡
 
 and 
                                            𝛩(𝑡, 𝜀) =
𝜇𝜇𝑉(1−𝜀)−𝜎𝜎𝑉(1+𝜖)
(𝜇𝑉(1−𝜀))
2
+(𝜎𝑉(1+𝜖))
2 𝜀𝑆𝑡 
Proof: See Appendix A. 
We now extend the approach to the BSM-framework where the stock pays dividends. 
PROPOSITION 4. Suppose that the stock pays dividend with yield 𝐷𝑦,  that is, 
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                             𝑑𝑆𝑡 = (𝜇 − 𝐷𝑦)𝑆𝑡𝑑𝑡 +  𝜎𝑆𝑡𝑑𝐵𝑡,𝑡 ≥ 0, 𝑆0 > 0, 𝜇 > 0, 𝜎 > 0           
Then, the new security 𝕍 = 𝕍(𝛿),  with price process,  𝑉𝑡 = 𝑆𝑡
 𝛿, 𝛿 = −
2𝑟
𝜎2
, should pay dividends  
as well with yield 𝐷𝑦
(𝕍) = 𝛿𝐷𝑦. 
Proof: See Appendix A. 
Our approach can be directly applied to the case when the stock price follows a Itô’s 
process6: 
                   𝑑𝑆𝑡 = μ𝑡𝑆𝑡𝑑𝑡 + 𝜎𝑡𝑆𝑡𝑑𝐵𝑡,𝑡 ≥ 0, 𝑆0 > 0, μ𝑡 =  μ(𝑆𝑡, t), 𝜎𝑡 = 𝜎(𝑆𝑡, t) > 0                (8) 
on (Ω, ℱ, {ℱ𝑡}𝑡≥0, ℙ) . The risk-less bank account is given by 
                                         𝑑𝛽𝑡 = r𝑡𝛽𝑡𝑑𝑡, 𝑡 ≥ 0, 𝛽0 > 0, r𝑡 = r(𝑆𝑡, t)                      (9)  
However instead of simply repeating the arguments we already made in the case of  
GBM, let us apply the Consumption-Based Capital Asset Pricing Model (CCAM) instead7 . Let  
𝑉𝑡 = St
 𝛿𝑡 , 𝑡 ≥ 0, where, 𝛿𝑡 = 𝛿(𝑆𝑡, 𝑡) = −
2𝑟(𝑆𝑡,𝑡)
𝜎(𝑆𝑡,𝑡)2
. As the arguments will show  
 𝛿(x, 𝑡) = −
2𝑟(x,𝑡)
𝜎(x,𝑡)2
, 𝑥 > 0, 𝑡 ≥ 0,                            
                                                          
6 See Sections 5.F and 5.G in Duffie (2001). 
 
7 This approach was initially used in Black and Scholes (1973) pp 645-646, and Duffie (2001),  
 
Section 6D, 10H, 10J. 
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is the only one possible value for 𝛿(𝑥, 𝑡) for the underlying market model to be arbitrage-free. By 
the CCAPM: 
          𝔼𝑡
𝑑𝑌𝑡
𝑌𝑡
= 𝑟𝑡𝑑𝑡 + 𝛽𝑡
(𝑌,𝑀)(𝔼𝑡 𝑟𝑡
(𝑀)
− 𝑟𝑡)𝑑𝑡, 𝔼𝑡
𝑑𝑉𝑡
𝑉𝑡
= 𝑟𝑡𝑑𝑡 + 𝛽𝑡
(𝑉,𝑀)(𝔼𝑡 𝑟𝑡
(𝑀)
− 𝑟𝑡)𝑑𝑡,  
where 𝑟𝑡
(𝑀)
 is the market instantaneous return, based on the market-value process (see Duffie 
(2001) p.106). 
PROPOSITION 5: (CCAPM derivation of BSM-equation without trading the risk-free asset):  
Suppose (8) and (9) hold, and the ECC with price process 𝑌𝑡 = 𝑌(𝑆𝑡, 𝑡)  is being hedged with  
 the stock and publicly traded security 𝕍 with price process 𝑆𝑡
 𝛿𝑡  with   𝛿𝑡 = −
2𝑟𝑡
𝜎𝑡
2  . Then  
𝑌(𝑥, 𝑡), 𝑥 > 0, 𝑡 ≥ 0 satisfies the BSM-equation: 
        
𝜕𝑌(𝑥, 𝑡)
𝜕𝑡
+ 𝑟(𝑥, 𝑡)𝑥
𝜕𝑌(𝑥, 𝑡)
𝜕𝑥
− 𝑟(𝑥, 𝑡)𝑌(𝑥, 𝑡) + 
+ 
1
2
𝜎2(x, t) 𝑥2
𝜕2𝑌(𝑥, 𝑡)
𝜕𝑥2
= 0, 𝑥 > 0, 𝑡 ≥ 0. 
Proof: See Appendix A. 
Consider now the multidimensional case8:  𝔹𝑡 = (𝐵𝑡
(1), … , 𝐵𝑡
(𝑑))
𝑇
, 𝑡 ≥ 0 is a 𝑑-
dimensional standard Brownian motion and the 𝑑-dimensional price process 
   𝕊𝑡 = (𝑆𝑡
(1), … , 𝑆𝑡
(𝑑))
𝑇
is an Itô-process with  
                                                          
8 See Sections 5.I and 6.I in Duffie (2001) for the regularity and market completeness conditions. 
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                     [  
 𝑑𝑆𝑡
(𝑖) = 𝜇𝑡
(𝑖)𝑆𝑡
(𝑖)𝑑𝑡 + ∑ 𝜎𝑡
(𝑖,𝑗)𝑑
𝑗=1 𝑆𝑡
(𝑖)𝑑𝐵𝑡
(𝑗), 𝑖 = ,1…𝑑
 
𝜇𝑡
(𝑖) = 𝜇 
(𝑖)( 𝕊𝑡, t), 𝜎𝑡
(𝑖,𝑗) = 𝜎 
(𝑖,𝑗)( 𝕊𝑡, t),
                                (10) 
on a stochastic basis (Ω,ℱ, {ℱ𝑡}𝑡≥0, ℙ) generated by  𝔹𝑡 , 𝑡 ≥ 0. The market  (𝕊𝑡, 𝛽𝑡), with bond    
price  
                                           𝑑𝛽𝑡 = r𝑡𝛽𝑡𝑑𝑡, 𝑡 ≥ 0, 𝛽0 > 0, r𝑡 = r( 𝕊𝑡, t)                                          (11) 
  is assumed complete. The unique risk-neutral measure ℚ~ℙ is defined by the market-price-of-
risk Θ𝑡 = Σ𝑡
𝑇(Σ𝑡
 Σ𝑡
𝑇)−1(Μ𝑡 − r𝑡Ι), where Σ𝑡
  is the covariance matrix Σ𝑡
 = [𝜎𝑡
(𝑖,𝑗)]1≤𝑖,𝑗≤𝑑, Μ𝑡 =
(𝜇𝑡
(1), … , 𝜇𝑡
(𝑑))
𝑇
, 𝑡 ≥ 0, and Ι  is the identity 𝑑×𝑑-matrix. On  ℚ, 
                                                 𝑑𝑆𝑡
(𝑖) = r𝑡𝑆𝑡
(𝑖)𝑑𝑡 + ∑ 𝜎𝑡
(𝑖,𝑗)𝑑
𝑗=1 𝑆𝑡
(𝑖)𝑑𝐵𝑡
(ℚ,𝑗)
                                       (12)                    
 where  𝔹𝑡
(ℚ)
= (𝐵𝑡
(ℚ,,1), … , 𝐵𝑡
(ℚ,,𝑑))
𝑇
is a Brownian motion on ℚ, which on ℙ is given by  
                                                             𝑑𝔹𝑡
(ℚ)
= 𝑑𝔹𝑡 + Θ𝑡𝑑𝑡.                                                           (13)            
PROPOSITION 6: (Assets with power prices). Assume that (10) and (11) hold. Let  
                                                   𝑉𝑡
(𝑖) = (𝑆𝑡
(𝑖))
𝛿𝑡
(𝑖)
, 𝑡 ≥ 0, 𝑖 = 1,…𝑑.                                           (14) 
Then 𝑉𝑡
(𝑖), 𝑡 ≥ 0 is a price process of a asset, that could be publicly traded, if and only of 
                                                       𝛿𝑡
(𝑖) = −
2𝑟𝑡
∑ (𝜎𝑡
(𝑖,𝑗)
)
2
𝑑
𝑗=1
.                                                            (15) 
The self-financing replication of  𝑉𝑡
(𝑖)
 is given by  
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                                                          𝑉𝑡
(𝑖) = 𝑎𝑡
(𝑖)𝑆𝑡
(𝑖) + 𝑏𝑖
(𝑖)𝛽𝑡,                                                            (16) 
where 
                                                𝑎𝑡
(𝑖) = 𝛿𝑡
(𝑖)
(𝑆𝑡
(𝑖))
𝛿𝑡
(𝑖)
−1
.                                                            (17) 
Proof: See Appendix A. 
In the rest of the paper we will assume that all  𝐵𝐴(𝑛), 𝑛 = 0,1,2, . . , 𝑁, for 𝑁 sufficiently 
large are publicly traded.  In our methodology, the BSM-market is the true market. Incomplete 
markets, such as Merton’s jump-diffusion market (Merton (1973b) and stochastic volatility market 
(Fouque, Papanicolau, and Sincar (2000)) , are considered perturbed models due to market 
imperfections and external shocks. The hedger uses the available for trade basic assets  𝐵𝐴(𝑛), 𝑛 =
0,1,2, . . , 𝑁,  and suitable chosen additional new publicly traded assets (see next two sections) to 
hedge not only the market risk as per the BSM-model but also all other risks arising from the fact 
that the price process imperfections in real trading exhibit jump diffusion, stochastic volatility, or 
even being general Lévy processes (Schoutens (2003)) with Lévy stochastic volatility, and so on.  
We believe that introducing  𝐵𝐴(𝑛), 𝑛 = 0,1,2, . . , 𝑁 (based on Proposition 6, with large 
dimension 𝑑) as trading assets for large 𝑁 will in fact significantly reduce the need to consider 
other market models than a complete market defined by (10), (11) and (14). The obvious restriction 
of (10) is the curse of dimensionality, when needed to capture market imperfections such as heavy-
tailed stock-returns, tail dependences, volatility clustering, leverage effect and long-range 
dependence, to mention few. We believe that non-Gaussian and implied models are currently 
widely used because finance academics and practitioners are trying to apply parsimonious models 
to capture imperfect trading. In our opinion, this imperfect trading is a result of the lack of 
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sufficient number of basic assets the trades and investors can choose from. We want to make clear 
that those are financial instruments introduced solely to be traded publicly tin order to improve 
market efficiency.  
II.  Eliminating jump risk in Merton’s jump-diffusion option pricing model 
Consider Merton’s jump diffusion model (Merton 1973b) in which there is a stock and riskless 
bank account with stock price dynamics   
                           𝑑𝑆𝑡 = (𝛼 − 𝜆𝜅)𝑆𝑡−𝑑𝑡 +  𝜎𝑆𝑡−𝑑𝐵𝑡 + (𝕪𝑡 − 1)𝑆𝑡−𝑑𝑁𝑡, 𝑡 ≥ 0,                            (18) 
defined on a stochastic basis (Ω,ℱ, {ℱ𝑡}𝑡≥0, ℙ) generated by  
(𝑖) a standard Brownian motion 𝐵𝑡, 𝑡 ≥ 0;  
(𝑖𝑖) a homogeneous Poisson process 𝑁𝑡, 𝑡 ≥ 0,  with intensity  𝜆 , and  
(𝑖𝑖𝑖)  independent of 𝐵𝑡, 𝑡 ≥ 0, and 𝑁𝑡, 𝑡 ≥ 0,  independent identically distributed jumps of size  
𝐽(𝑙) ≜ 𝐽 ≜ {
𝑙𝑛𝜓    𝑤. 𝑝.  𝑝 ∈ (0,1)
0       𝑤. 𝑝.     1 − 𝑝
 , 𝑙 ∈ ℕ 9, that is, in (18), 
                     𝕪𝑡 − 1 ≜ 𝕪 − 1 ≜ {
𝜓 − 1 ,    𝑤. 𝑝.    𝑝
0       𝑤. 𝑝.     1 − 𝑝
 ,                                                                 (19) 
where 𝕪𝑡 = 𝕪
(𝑙), 𝑡 ∈ [𝜏(𝑙), 𝜏(𝑙+1)), 𝜏(𝑙) ≔ inf{𝑡: 𝑁𝑡 = 𝑙} , 𝑙 ∈ ℕ, and  𝔼
ℙ(𝕪(𝑙) − 1) = 
= (𝜓 − 1)𝑝 =: 𝜅10. The riskless bank account dynamics is given by equation (2). 
                                                          
9 “ ≜”, stands for “equal in distribution”, ℕ ≔ {1,2, … }.  
10 See Comment B1 in Appendix B, in Internet Appendix to “In Search of Market Completeness:  
 
A New Set of Financial Instruments”. 
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Consider a ECC with a contract value  𝑌𝑡 = 𝑌(𝑆𝑡, 𝑡) at 𝑡 ∈ [0, 𝑇], maturity 𝑇, and terminal 
value 𝑌𝑇 = 𝒢(𝑆𝑇). 
PROPOSITION 7. (Merton(1976)): Y(𝑥, 𝑡), 𝑥 > 0, 𝑡 ∈ [0, 𝑇) satisfies the following jump-diffusion 
PIDE: 
                                  
𝜕𝑌(𝑥,𝑡)
𝜕𝑡
+
1
2
𝑥2𝜎2
𝜕2𝑌(𝑥,𝑡)
𝜕𝑥2
+ 𝑟𝑥
𝜕𝑌(𝑥,𝑡)
𝜕𝑥
− 𝑟𝑌(𝑥, 𝑡) +  
                   + 𝜆𝔼ℙ[𝑌(𝕪𝑥, 𝑡) − 𝑌(𝑥, 𝑡)] − 𝜆𝑥
𝜕𝑌(𝑥,𝑡)
𝜕𝑥
𝔼ℙ[𝕪 − 1] = 0.                                           (20) 
Proof: We derive (20) applying the CCAPM as a simple illustration of the method we shall apply  
 
in more general cases, see Appendix A. We believe that this proof is well-known, but could not  
 
find it in the literature. 
 
Merton’s derivation of (20) is based on the argument that the jump component of the real 
asset price is uncorrelated with the market and thus the risk of a jump is non-systematic. Therefore, 
it is diversifiable, and should not earn a risk premium.  
  However, this premise is arguable (see Aït-Sahalia, Cacho-Diaz and Laeven 2015), and  
 
different approaches to mitigate the issue of unhedged jump-risk in real assets have been suggested  
 
(see, for example, Runggaldier 2003). Ideally, the option writer  
 
should choose a hedging strategy that eliminates the jump risk altogether. As Runggaldier (2003)  
 
points out, for the writer to do that would require an infinite number of hedging assets in the hedge  
 
portfolio. 
 
In what follows we will introduce another trading asset (very like those already introduced 
in Section I) specially designed for hedge trades within Merton’s market model. To do so, assume 
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that the ECC writer is seeking to replicate Yt = 𝑌(𝑆𝑡, 𝑡) with dynamics given by (18), by trading 
the stock, investing in the riskless bond, and purchasing an additional asset (𝕍 ) with price process, 
                               Yt
(2) = 𝑎St
𝜚
, 𝑡 ≥ 0.                                                                               (21)  
Under Merton’s market model  𝕍 can be publicly traded if and only: 
                        𝜚2 −
𝜓𝜚−1
𝜓−1
𝛿 − 𝜚 +  𝛿 = 0 ,  𝑎 =
𝜓𝜚−1
𝜌(𝜓−1)
 ,                                                             (22) 
see Lemma A1, in Appendix A. 
We should choose 𝑎 and 𝜚 so that 𝑎St
𝜚
, 𝑡 ≥ 0  after discounting by the risk-free rate is a 
martingale under the EMM ℚ. Since ℚ is unknown, 𝑎 and 𝜚 ∈ 𝑅  are  free parameters and should 
be calibrated from market option data. However, if we accept the EMM of Merton (1976b) as the 
true ℚ, then 𝑎 and 𝜚 ∈ 𝑅  are given by (19). 
The issue with the choice of and 𝜚 is a serious one. It basically empathizes that we have 
not found (or, more generally we have not introduced) the “ideal” publicly traded asset that can 
hedge the jump risk. This will be addressed later in this section. 
We now construct a hedging strategy eliminating the jump risk in Merton’s jump diffusion 
model for pricing options. The ECC writer (ℶ ) is replicating the EEC-price process Yt = 𝑌(𝑆𝑡, 𝑡) 
by trading the stock, investing in the riskless bond and purchasing an additional asset (𝕍 ) with 
price process given by (21). The self-financing strategy is determined by11  
                                                          
11 We choose  𝑌(𝑆𝑡, 𝑡) = ct
(1)𝑆𝑡 − ct
(2)St
𝜚
+ bt𝛽𝑡  , as a more convenient form than  
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         𝑌(𝑆𝑡, 𝑡) = ct
(1)𝑆𝑡 + ct
(2)St
𝜚
+ bt𝛽𝑡                                                     (23)  
We now derive a new PIDE for 𝑌(𝑥, 𝑡), 𝑥 > 0, 𝑡 ≥ 0 by applying the hedging portfolio 
given by (23), rather by assuming a priori ct
(2) = 0, as in the classical Merton’s model framework. 
PROPOSITION 8.: Under the assumptions (18), (19), (21), (22) and (23),  𝑌(𝑥, 𝑡), 𝑥 > 0, 𝑡 ≥ 0 
satisfies the following PIDE: 
                
𝜕𝑌(𝑥,𝑡)
𝜕𝑡
+ {
𝛼 − 𝜆𝜅 −
𝜓𝜚−1
𝜓𝜚+𝜓−2
(𝛼 − 𝜆𝜅 − 𝑟) −
−
𝜓−1
𝜓𝜚+𝜓−2
((𝛼 − 𝜆𝜅)𝜚 +
1
2
(𝜚 − 1)𝜚𝜎2 − 𝑟)
}
𝜕𝑌(𝑥,𝑡)
𝜕𝑥
𝑥 −  
−𝑟𝑌(𝑥, 𝑡) +
1
2
𝜎2𝑥2
𝜕2𝑌(𝑆𝑡, 𝑡)
𝜕𝑥2
− 
−(𝜚 − 1) (𝛼 − 𝜆𝜅 −
1
2
𝜚𝜎2) (𝑌(𝜓𝑥, 𝑡) − 𝑌(𝑥, 𝑡)) = 0  
 Proof: See Appendix A. 
 So far the issue of hedging the jump process in Merton’s model has not been resolved. This 
is because, the Merton’s jump-diffusion framework lacks a publicly available for trade security 
(designated as  ℳ(𝓂),𝓂 > 0, ) with which the market will be pricing the jump-occurrences.  
Here, we again illustrate our approach to achieving market completeness: 
 
 (𝑖) find the most suitable hedge-instruments in the market for the hedging problem under  
 
consideration, and  
 
                                                          
                                 𝑌(𝑆𝑡, 𝑡) = ct
(1)𝑆𝑡 − ct
(2)Yt
(2) + bt𝛽𝑡   
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            (𝑖𝑖) if the market does not provide such special hedging instruments, then introduce them  
 
as publicly traded assets and let the market price them. 
 
 In Merton’s model, with currently available for trade only the stock and riskless bond, the  
 
trader (ℶ)  would need an infinite number of derivatives to hedge the jump risk in attempting to  
 
hedge perfectly the ECC price. This is certainly discouraging. We suggest the introduction of a  
 
new publicly available for trade security ℳ(𝓂),𝓂 > 0, specially designed to hedge the jump risk.  
 
 
 We introduce the dynamic price process of  ℳ(𝓂) as a pure jump process with drift 𝓂: 
                     𝑑𝑀𝑡 = 𝓂𝑀𝑡−𝑑𝑡 + (𝕪𝑡 − 1)𝑀𝑡−𝑑𝑁𝑡, 𝑡 ≥ 0.                                              (24)  
We view ℳ(𝑟) as a “riskless bond with jumps”. Under Merton’s framework, ℳ(𝑟) should be 
priced as a riskless bond. Furthermore, within Merton’s framework, ℳ(𝓂),𝓂 ≠ 𝑟, are arbitrage 
securities. As shown in Proposition 9, in our framework, they are not. Jarrow and Rossenfeld  
(1984) gave sufficient conditions for the Intertemporal Capital Asset Pricing Model (ICAPM) of  
 
(Merton (1973b)) to hold for asset prices with discontinuous   trajectories.  The sufficient condition  
 
is that the jump risk is diversifiable. They also found that the jump risk exists and is not  
 
diversifiable, see also Jorion (1988).  
 
In view of the above-mentioned weakness in Merton’s model we suggest the following: to 
remove portfolio’s jump-risk, ℶ  should form a jump-free self-financing portfolio 𝒫(0)with price 
process  𝒫𝑡 = 𝑀𝑡−𝑆𝑡 − 𝑆𝑡−𝑀𝑡  and price dynamics given by 
   𝑑𝒫𝑡 = 𝑀𝑡−𝑑𝑆𝑡 − 𝑆𝑡−𝑑𝑀𝑡 = (𝛼 − 𝜆𝜅 −𝓂)𝑆𝑡𝑀𝑡−𝑑𝑡 +  𝜎𝑆𝑡𝑀𝑡−𝑑𝐵𝑡. 
 Having the bond, the stock and the new asset 𝒫(0) ,  ℶ could apply Merton’s ICAMP in 
search of optimizing his or her wealth portfolio (Duffie (2001), Section 9B). 
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Consider then an ECC written against the stock, with price process 𝑌𝑡 = 𝑌(𝑆𝑡, 𝑀𝑡, 𝑡), 
 
0 ≤ 𝑡 ≤ 𝑇,   terminal value YT = 𝑌(𝑆𝑇 , 𝑦, 𝑇) = 𝒢(𝑆𝑇), for all 𝑦 ≥ 0. We assume that  
 
𝑌(x, 𝑦, 𝑡), 𝑥 ≥ 0, 𝑦 ≥ 0 
 
is (i) sufficiently smooth with respect to x, and 𝑡, and (ii) with respect to 𝑦, 𝑌(x, 𝑦, 𝑡), 𝑦 > 0, is  
 
left-continuous with right limits, and continuously differentiable in the points of 𝑦 -continuity. 
 
PROPOSITION 9: Under assumptions (18), (19), and (24), 𝑌(𝑥, 𝑦, 𝑡), 𝑥 > 0, 𝑦 > 0, satisfies the 
following differential equation with solutions having jumps: 
𝜕𝑌(𝑥,𝑦,𝑡)
𝜕𝑡
 − 𝑟
𝜕𝑌(𝑥,𝑦,𝑡)
𝜕𝑥
𝑥 −  𝑟𝑌(𝑥, 𝑦, 𝑡) +
1
2
𝜕2𝑌(𝑥,𝑦,𝑡)
𝜕𝑥2
+                                                                     (25) 
+(𝑟 −𝓂) {𝑥 + 𝑦(−)
𝜕𝑌(𝑥,𝑦−,𝑡)
𝜕𝑦
−
𝜕𝑌(𝑆𝑡−,𝑀𝑡,𝑡)
𝜕𝑥
[𝑌(𝑆𝑡, 𝑦, 𝑡) − 𝑌(𝑆𝑡−, 𝑦(−), 𝑡)] − 𝑟𝑌(𝑆𝑡, 𝑦𝑡, 𝑡)} = 0 .                            
For 𝑟 = 𝓂,  (25) becomes the BSM-equation for all 𝑦 > 0. 
Proof of Proposition 9:  See Appendix A.  
As a corollary of Proposition 9, it follows that asset  ℳ =ℳ(r) with price process: 
                                         dℳt = rℳt−dt + (𝕪t − 1)ℳt−dNt, t ≥ 0                                             (26) 
could be introduced as publicly traded asset, along with  𝕍 = 𝕍(𝛿),  with price process   𝑉𝑡 =
𝑉𝑡
(𝛿) = 𝑆𝑡
𝛿 , where 𝛿 =
−2𝑟
𝜎2
.  Hedging strategies involving ℳ  and 𝕍 will be presented in the next 
Proposition 10.  
A natural extension of Merton’s model is to assume that the jump dynamics can be 
potentially dependent of the stock price itself 
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                    𝑑𝑆𝑡 = (𝛼 − 𝜆𝜅)𝑆𝑡−𝑑𝑡 +  𝜎𝑆𝑡−𝑑𝐵𝑡 + 𝓏𝑡(𝕪𝑡 − 1)𝑆𝑡−𝑑𝑁𝑡, 𝑡 ≥ 0,                 (27) 
                                      𝑑𝓏𝑡 = 𝑎
(𝓏)𝓏𝑡𝑑𝑡 + 𝑏
(𝓏)𝓏𝑡𝑑𝐵𝑡, 𝑎
(𝓏) ∈ 𝑅, 𝑏(𝓏) > 0 ,                                 (28)                                                                     
defined on a stochastic basis (Ω,ℱ, {ℱ𝑡}𝑡≥0, ℙ) as in (18) and (19). The risk-free bond dynamics is 
given by equation (2). 
Consider a ECC with price process  Yt = 𝑌(𝑆𝑡, 𝓏𝑡 𝑡), where the function   𝑌(x, z, 𝑡), 𝑥 >
0, 𝑧 > 0, 𝑡 ≥ 0,  is sufficiently smooth. Our goal is to apply a self-financing replicating portfolio 
which will include (i) the riskless bond , (ii) the stock,  (iii) basic asset  𝕍 = 𝕍(𝛿), with price process   
𝑉𝑡 = 𝑉𝑡
(𝛿) = 𝑆𝑡
𝛿 , where 𝛿 =
−2𝑟
𝜎2
,  and (iv) basic asset ℳ =ℳ(𝑟) with price process:  𝑑ℳ𝑡 =
𝑟ℳ𝑡−𝑑𝑡 + (𝕪𝑡 − 1)ℳ𝑡−𝑑𝑁𝑡, 𝑡 ≥ 0 . Then the dynamics of the hedging -portfolio is given by 
                       𝑑𝑌(𝑆𝑡, 𝓏𝑡, 𝑡) =  ct
(1)𝑑𝑆𝑡 + ct
(2)𝑑𝑆𝑡
𝛿 + 𝑟𝑚𝑡𝑑ℳ𝑡 + 𝑏𝑡𝛽𝑡𝑑𝑡.                            (29) 
PROPOSITION 10: Under the assumptions (27), (28), and (29), 𝑌(𝑥, 𝑧, 𝑡), 𝑥 > 0, 𝑧 > 0, 𝑡 ≥ 0 
satisfies the PDE: 
𝜕𝑌(x, z, 𝑡)
𝜕𝑡
+ 𝑟
𝜕𝑌(x, z, 𝑡)
𝜕𝑥
𝑥 +
𝜕𝑌(x, z, 𝑡)
𝜕𝑧
{(𝛼 − 𝜆𝜅)
𝑏(𝓏)
𝜎
𝑧 − 𝑎(𝓏)} + 
+
1
2
 
𝜕2𝑌(𝑆𝑡−, 𝓏𝑡, 𝑡)
𝜕𝑥2
𝜎2𝑥2 +
𝜕2𝑌(𝑆𝑡−, 𝓏𝑡, 𝑡)
𝜕𝑥𝜕𝑧
𝜎𝑏(𝓏)𝑥𝑧 +
1
2
 
𝜕2𝑌(𝑆𝑡−, 𝓏𝑡, 𝑡)
𝜕𝑧2
𝑏(𝓏)
2
𝑧2 = 0 
Proof of Proposition 10:  See Appendix A.  
III.  Hedging volatility risk in a stochastic volatility option pricing model 
To demonstrate how to hedge the volatility risk in a stochastic volatility option pricing 
model, we use the same setting as in Section II, but in this case, assume that publicly traded stock’s 
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price dynamic is determined by a stochastic volatility model with mean-reverting Ornstein–
Uhlenbeck process given by12 
                                   𝑑𝑆𝑡 = 𝜇𝑆𝑡𝑑𝑡 +  𝜎(𝑉𝑡)𝑆𝑡𝑑𝐵𝑡, 𝑡 ≥ 0, 𝑆0 > 0 ,                                         (30) 
                                   𝑑𝑉𝑡 = 𝛼(𝑚 − 𝑉𝑡)𝑑𝑡 + 𝜑𝑑𝑊𝑡, 𝑑𝐵𝑡𝑑𝑊𝑡 = 𝜌𝑑𝑡,                                     (31) 
                                         𝑉0 > 0, 𝛼 > 0,𝑚 > 0, 𝜑 > 0, 𝜌 ∈ (−1,1)                      
 We assume that 𝑆𝑡, 𝑉𝑡 𝑡 ≥ 0 is defined on a stochastic basis (Ω,ℱ, {ℱ𝑡}𝑡≥0, ℙ) generated by 
the correlated Brownian motions (𝐵𝑡,𝑊𝑡) 𝑡 ≥ 0. The price of the riskless bond is 
 βt = 𝑒
𝑟𝑡, 𝑡 ≥ 0.                                                                         (32) 
Let Yt = 𝑌(𝑆𝑡, 𝑉𝑡 𝑡), 𝑡 ≥ 0, be the price process of a ECC with maturity 𝑇 > 0 and  
 
terminal value 𝑌(𝑆𝑇 , 𝑉𝑇 , 𝑇) = 𝒢(𝑆𝑇).  In the standard stochastic volatility model  an additional  
 
derivative is needed in the replicating portfolio. Then the PDE for the derivative 𝑌𝑡
 = 𝑌(𝑆𝑡, 𝑉𝑡, 𝑡)  
 
is given by 
 
 
               
𝜕𝑌(x,y,𝑡)
𝜕𝑡
+ 𝑟𝑥
𝜕𝑌(x,y,𝑡)
𝜕𝑥
+ (𝛼(𝑚 − 𝑣) − 𝜑 (𝜌
𝜇−𝑟
𝜎(y)
+ 𝛾(𝑥, 𝑦, 𝑡)√1 − 𝜌2)
𝜕𝑌(x,y,𝑡)
𝜕𝑦
)   
           −𝑟𝑌(x, v, 𝑡) +
1
2
𝜕2𝑌(x,y,𝑡)
𝜕𝑥2
(𝜎(𝑦)𝑥)2 +
1
2
𝜕2𝑌(x,y,𝑡)
𝜕𝑦2
𝜑2 +
𝜕2𝑌(x,y,𝑡)
𝜕𝑥𝜕𝑦
𝜌𝜑𝜎(y)x = 0,               (33) 
for all  𝑥 > 0, 𝑦 ∈ 𝑅, 𝑡 ∈ [0, 𝑇),  with boundary condition: 𝑌(x, y, 𝑇) = 𝒢(x) for all 𝑥 > 0, 𝑣 ∈ 𝑅, 
and 𝛾(𝑥, 𝑦, 𝑡) being an arbitrary function representing the risk premium factor from the second 
source of randomness 𝑊𝑡, 𝑡 ≥ 0 
                                                          
12 See Section 2.4 in Fouque, Papanicolau, and Sincar (2000) 
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 The objective in this section is to derive a PDE for the price of an ECC in which together 
with market risk, volatility risk is also expressed in tradeable volatility indexes, and thus the 
function 𝛾(𝑥, 𝑦, 𝑡) is removed.  
 Next, we follow our basic approach of introducing additional security as publicly traded  
 
asset to achieve market completeness. We assume that in the stochastic volatility market  
 
model, defined by (30), (31), and (32), and consisting of a risky stock and riskless bond, an  
 
additional security 𝒱 , which we label the “volatility index”, and designated as 𝑀𝑣𝑜𝑙   
 
is introduced and publicly traded. The price process 𝒱 is the publicly traded price process 𝑉𝑡. We  
 
assume that 𝒱 is a tradable financial instrument such as, for example, the futures contract where  
 
the underlying is the CBOE Volatility Index® as a proxy, see CBOE (2003). 
 
An investor, having available a traded asset the bond, the stock and 𝒱, can form a traded  
 
portfolio with constant volatility and then applied the ICAPM to optimize his or her wealth process. 
 
First, for better understanding of the stochastic volatility model we shall prove (23) using 
the CCAPM: 
𝔼𝑡
𝑑𝑆𝑡
𝑆𝑡
= 𝑟𝑑𝑡 + 𝛽𝑡
(𝑆,𝑀)(𝔼𝑡 𝑟𝑡
(𝑀)
− 𝑟)𝑑𝑡,                                                 (34) 
𝔼𝑡
𝑑𝑌𝑡
𝑌𝑡
= 𝑟𝑑𝑡 + 𝛽𝑡
(𝑌,𝑀)(𝔼𝑡 𝑟𝑡
(𝑀)
− 𝑟)𝑑𝑡                                                  (35) 
where 𝑟𝑡
(𝑀)
 is the market instantaneous return.13 We assume that from the available data for stock 
volatility, the hedger ℶ estimates the one-factor model for the volatility index security 𝒱: 
                                                          
13 This approach was initially used in Black and Scholes (1973). See also Section 6.D in Duffie 
(2001). 
25 
 
                                             𝔼t
dVt
Vt
= ηtdt + βt
(V,Mvol) (𝔼t rt
(Mvol)
− r) dt                                      (36) 
PROPOSITION 11: Under the assumptions (30), (31), (32), (34), (35) and (36), the ECC-price 
process 𝑌𝑡 = 𝑌(𝑆𝑡, 𝑉𝑡 𝑡), 𝑡 ≥ 0,  has a price dynamics determined by the following PDE for   
𝑌(𝑥, 𝑦, 𝑡), 𝑥 > 0, 𝑧 > 0, 𝑡 ≥ 0: 
                                                                  
𝜕𝑌(𝑥,𝑦,𝑡)
𝜕𝑡
+ 𝑟𝑥
𝜕𝑌(𝑥,𝑦,𝑡)
𝜕𝑥
+  
                                +
𝜕𝑌(𝑥,𝑦,𝑡)
𝜕𝑦
(𝜂𝑡𝑦 + 𝛽𝑡
(𝑉,𝑀𝑣𝑜𝑙)𝑦𝜃𝑡
(𝑉)
− 𝑦𝛽𝑡
(𝑉,𝑀)𝜃𝑡
(𝑀)
) − 𝑟𝑌(𝑥, 𝑦, 𝑡) + 
                                +
1
2
𝜕2𝑌(𝑥,𝑦 𝑡)
𝜕𝑥2
(𝜎(𝑦)𝑥)2 +
𝜕2𝑌(𝑥,𝑦,𝑡)
𝜕𝑥𝜕𝑦
𝜎(𝑦)𝑥𝜑𝜌 +
1
2
𝜕2𝑌(𝑥,𝑦,𝑡)
𝜕𝑦2
𝜑2 = 0                  (37)             
where 𝜃𝑡
(𝑀)
= 𝔼𝑡 𝑟𝑡
(𝑀𝑣𝑜𝑙) − 𝑟 is the market risk premium, and 𝜃𝑡
(𝑉)
= 𝔼𝑡 𝑟𝑡
(𝑀𝑣𝑜𝑙) − 𝑟 is the 
volatility risk premium. 
Proof of Proposition 11:  See Appendix A.  
First, it should be noted, that if the stock’s volatility is a security 𝒱  with publicly traded 
price process 𝑉𝑡, then ℶ  should apply a self-financing strategy  
                                                    Yt = 𝑎𝑡𝑆𝑡 +  btβt + ct𝑉𝑡                                                (38) 
with  
                                                     
[
 
 
 
 
 
 
𝑎𝑡 =
𝜕𝑌(𝑆𝑡,𝑉𝑡 𝑡)
𝜕𝑥
                                                             
   bt =
1
βt
{𝑌(𝑆𝑡, 𝑉𝑡 𝑡) −
𝜕𝑌(𝑆𝑡,𝑉𝑡 𝑡)
𝜕𝑥
𝑆𝑡  −
𝜕𝑌(𝑆𝑡,𝑉𝑡 𝑡)
𝜕𝑦
𝑉𝑡}
 
ct =
𝜕𝑌(𝑆𝑡,𝑉𝑡 𝑡)
𝜕𝑦
                                                             
.           (39)                     
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PROPOSITION 12: Under the assumptions (30), (31), (32), (38) and (39)),the ECC-price process 
𝑌𝑡 = 𝑌(𝑆𝑡, 𝑉𝑡 𝑡), 𝑡 ≥ 0,  has pice dynamics determined by the following PDE for 𝑌(𝑥, 𝑦, 𝑡),  
𝑥 > 0, 𝑧 > 0, 𝑡 ≥ 0:  
𝜕𝑌(x, y 𝑡)
𝜕𝑡
+ 𝑟
𝜕𝑌(x, y, 𝑡)
𝜕𝑥
x +
𝜕𝑌(x, y, 𝑡)
𝜕𝑦
𝑦 − 
−𝑟𝑌(𝑥, 𝑦, 𝑡) +
1
2
𝜕2𝑌(x, y, 𝑡)
𝜕𝑥2
(𝜎(y)x)2 + 
+
𝜕2𝑌(x, y, 𝑡)
𝜕𝑥𝜕𝑦
𝜎(y)x𝜑𝜌 +
1
2
𝜕2𝑌(x, y, 𝑡)
𝜕𝑦2
𝜑2 = 0 
Proof of Proposition 12:  The proposition follows the same arguments as Proposition 2 and thus 
is omitted. 
Within the stochastic volatility model suggested by Heston’s (1993), if  𝒱 is a publicly  
 
traded asset, that will allow the investor to form a synthetic self-financing portfolio 𝒫(𝑆,𝒱) of the  
 
stock and  𝒱 so that  𝒫(𝑆,𝒱) has constant volatility, see Comment B3, in Appendix B in the Internet  
 
Appendix to this paper. As a second step the investor can use Merton’s ICAPM to form an  
 
dynamically optimal wealth portfolio 
Proposition 12 leads to the following generalization of the stochastic volatility model. Let 
us remark here, that trading volatility options is gaining popularity, and involves models for 
volatility options in which the “volatility of the volatility” (designated as vol-of-vol, or shortly,
𝒱𝑜𝒱) must be modeled. We now introduce stock-price model (designated as 𝒱𝑜𝒱 -model), in 
which the volatility and the 𝒱𝑜𝒱 are Itô processes: 
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[
 
 
 
 
 
 
 
 
 
 
 
 
 
  
𝑑𝑆𝑡 = 𝜇𝑡𝑆𝑡𝑑𝑡 +  𝜎(𝑉𝑡)𝑆𝑡𝑑𝐵𝑡 , 𝑡 ≥ 0, 𝑆0 > 0
 
      
𝑑𝑉𝑡 = 𝛼𝑡𝑑𝑡 + 𝜑(𝕧𝑡)𝑑𝐵𝑡
(𝑉) 
 
 
 
 
 
 
 
 
 
 
 
 
 
                             
 
𝑑𝐵𝑡𝑑𝐵𝑡
(𝑉) = 𝜌(𝑉)𝑑𝑡, 𝑉0 > 0, 𝜌
(𝑉) ∈ (−1,1)
  
      
 
𝑑𝕧𝑡 = 𝑏𝑡𝑑𝑡 + 𝜓𝑡𝑑𝐵𝑡
(𝕧)                                         
 
𝑑𝐵𝑡𝑑𝐵𝑡
(𝕧) = 𝜌(𝕧)𝑑𝑡, 𝑑𝐵𝑡
(𝑉)𝐵𝑡
(𝕧) = 𝜚𝑑𝑡 
 
 
 
 
 
             
 
𝕧0 > 0, 𝜌
(𝑉), 𝜌(𝕧), 𝜚 ∈ (−1,1)
 
                             
]
 
 
 
 
 
 
 
 
 
 
 
 
 
                                   (40)        
The 𝒱𝑜𝒱 -model is sufficiently flexible to capture volatility clustering of the returns and a 
second order volatility clustering (“volatility clustering of the volatility”, or what can be called the 
roughness of the price process).  
 Let Yt = 𝑌(𝑆𝑡, 𝑉𝑡 , 𝕧𝑡, 𝑡), 𝑡 ≥ 0, be the price process of a ECC with maturity 𝑇 > 0 and 
terminal value 𝑌(𝑆𝑇 , 𝑉𝑇 , 𝑇) = 𝒢(𝑆𝑇).  We first assume that security  𝒱 with price process  𝑉𝑡 , 𝑡 ≥
0,  is publicly traded.  Second, following our approach toward market completeness, we assume 
that the market has introduced  𝒱𝑜𝒱. The security 𝒱𝑜𝒱 is publicly traded with price process  
𝕧𝑡, 𝑡 ≥ 0, having price dynamics given in (31).
14 Then applying Itô formula and considering the 
self-financing strategy  
                                                          
14 We view VIX as a proxy for publicly traded security 𝒱 . As for 𝒱𝑜𝒱  we do not have an existing 
market proxy. However, the financial industry is already trying to construct a synthetic security 
which mimics 𝒱𝑜𝒱- dynamics, and, it is our belief, that  it should not be long before such a “vol-
of-vol-index” is introduced as a publicly traded asset. 
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Yt = 𝑌(𝑆𝑡, 𝑉𝑡 , 𝕧𝑡, 𝑡) = Δ𝑡
(𝑆)𝑑𝑆𝑡 + Δ𝑡
(𝑉)𝑑𝑉𝑡 + Δ𝑡
(𝕧)𝑑𝕧𝑡 + 𝕓tβt , 
where βt = 𝑒
𝑟𝑡, 𝑡 ≥ 0, is the riskless bond, results in 
                               Δ𝑡
(𝑆) =
𝜕𝑌(𝑆𝑡,𝑉𝑡 ,𝕧𝑡,𝑡)
𝜕𝑥
, Δ𝑡
(𝑉) =
𝜕𝑌(𝑆𝑡,𝑉𝑡 ,𝕧𝑡,𝑡)
𝜕𝑦
, Δ𝑡
(𝕧) =
𝜕𝑌(𝑆𝑡,𝑉𝑡 ,𝕧𝑡,𝑡)
𝜕𝑧
 . 
 Following standard no-arbitrage arguments leads to the PDE for the ECC-price process: 
                    
𝜕𝑌(x,y,z,𝑡)
𝜕𝑡
+
𝜕𝑌(𝑥,𝑦,𝑧,𝑡)
𝜕𝑥
𝑟𝑥 +
𝜕𝑌(𝑥,y ,𝑧,𝑡)
𝜕𝑦
𝑟𝑦 +
𝜕𝑌(𝑥,𝑦,𝑧,𝑡)
𝜕𝑧
𝑟𝑧 − 𝑟𝑌(𝑥, 𝑦, 𝑧, 𝑡) +  
                    +
1
2
𝜕2𝑌(𝑥,𝑦,𝑧,𝑡)
𝜕𝑥2
(𝜎(y)𝑥)2 +
1
2
𝜕2𝑌(𝑥,𝑦,𝑧,𝑡)
𝜕𝑥2
(𝜎(y)𝑥)2 +
1
2
𝜕2𝑌(𝑥,𝑦,𝑧,𝑡)
𝜕𝑦2
(𝜑(𝑧)y)2 +  
                    +
1
2
𝜕2𝑌(𝑥,𝑦,𝑧,𝑡)
𝜕𝑧2
(𝜓𝑡𝑧)
2 +
1
2
𝜕2𝑌(𝑥,𝑦,𝑧,𝑡)
𝜕𝑧2
(𝜓𝑡𝑧)
2 +
𝜕2𝑌(𝑥,𝑦,𝑧,𝑡)
𝜕𝑥𝜕𝑦
𝜌(𝑉)𝜎(𝑦)𝑥𝜑(𝕧𝑡)𝑉𝑡 +  
                     +
𝜕2𝑌(𝑆𝑡,𝑉𝑡 ,𝕧𝑡,𝑡)
𝜕𝑥𝜕𝑧
𝜌(𝕧)𝜎(𝑉𝑡)𝑆𝑡𝜓𝑡𝕧𝑡 +
𝜕2𝑌(𝑆𝑡,𝑉𝑡 ,𝕧𝑡,𝑡)
𝜕𝑦𝜕𝑧
𝜚𝜑(𝕧𝑡)𝑉𝑡𝜓𝑡𝕧𝑡 = 0.         
 Next we can extend the example of the use of CCAPM in the previous section by applying 
CCAPM not only to the stock, derivative, and the volatility security 𝒱, but to the new security 
𝒱𝑜𝒱 as well:  
                                 𝔼𝑡
𝑑𝑆𝑡
𝑆𝑡
= 𝑟𝑑𝑡 + 𝛽𝑡
(𝑆,𝑀)(𝔼𝑡 𝑟𝑡
(𝑀) − 𝑟)𝑑𝑡,  
                               𝔼𝑡
𝑑𝑌𝑡
𝑌𝑡
= 𝑟𝑑𝑡 + 𝛽𝑡
(𝑌,𝑀)(𝔼𝑡 𝑟𝑡
(𝑀) − 𝑟)𝑑𝑡, 
                             𝔼𝑡
𝑑𝑉𝑡
𝑉𝑡
= 𝜂𝑡
(𝑉)𝑑𝑡 + 𝛽𝑡
(𝑉,𝑀𝑣𝑜𝑙)(𝔼𝑡 𝑟𝑡
(𝑀𝑣𝑜𝑙)
− 𝑟)𝑑𝑡. 
                                 𝔼𝑡
𝑑𝕧𝑡
𝕧𝑡
= 𝜂𝑡
(𝕧)𝑑𝑡 + 𝛽𝑡
(𝕧,𝑀𝑣𝑜𝑙)(𝔼𝑡 𝑟𝑡
(𝑉𝑣𝑜𝑙)
− 𝑟)𝑑𝑡.  
 Applying the same arguments as in the previous section results in the following PDE: 
29 
 
𝜕𝑌(𝑥, 𝑦, 𝑧, 𝑡)
𝜕𝑡
+
𝜕𝑌(𝑥, 𝑦, 𝑧, 𝑡)
𝜕𝑥
𝑟𝑥 +
𝜕𝑌(𝑥, 𝑦, 𝑧, 𝑡)
𝜕𝑦
(𝜂𝑡
(𝑉)y + 𝛽𝑡
(𝑉,𝑀𝑣𝑜𝑙)y𝜃𝑡
(𝑉) − 𝑦𝛽𝑡
(𝑉,𝑀)𝜃𝑡
(𝑀)
) + 
+
𝜕𝑌(𝑆𝑡, 𝑉𝑡 , 𝕧𝑡, 𝑡)
𝜕𝑧
(𝜂𝑡
(𝕧)𝕧𝑡 + 𝛽𝑡
(𝕧,𝑀𝑣𝑜𝑙)𝕧𝑡𝜃𝑡
(𝕧) − 𝑧𝛽𝑡
(𝑉,𝕧)
𝜃𝑡
(𝑀)
) − 𝑟𝑌(𝑥, 𝑦, 𝑧) + 
1
2
𝜕2𝑌(𝑥, 𝑦, 𝑧, 𝑡)
𝜕𝑥2
(𝜎(y)x)2 ++
1
2
𝜕2𝑌(𝑥, 𝑦, 𝑧, 𝑡)
𝜕𝑦2
(𝜑(𝑧)𝑦)2 +
1
2
𝜕2𝑌(𝑥, 𝑦, 𝑧, 𝑡)
𝜕𝑧2
(𝜓𝑡𝑧)
2 + 
+
𝜕2𝑌(𝑥, 𝑦, 𝑧, 𝑡)
𝜕𝑥𝜕𝑦
𝜌(𝑉)𝜎(𝑦)𝑥𝜑(𝑧)𝑦 +
𝜕2𝑌(𝑥, 𝑦, 𝑧, 𝑡)
𝜕𝑥𝜕𝑧
𝜌(𝕧)𝜎(𝑦)𝑥𝜓𝑡𝑧 + 
+
𝜕2𝑌(𝑥, 𝑦, 𝑧, 𝑡)
𝜕𝑦𝜕𝑧
𝜚𝜑(𝑧)𝑦𝜓𝑡𝑧 = 0 
where 𝜃𝑡
(𝑀)
= 𝔼𝑡 𝑟𝑡
(𝑀𝑣𝑜𝑙) − 𝑟 is the market risk premium,  𝜃𝑡
(𝑉)
= 𝔼𝑡 𝑟𝑡
(𝑀𝑣𝑜𝑙) − 𝑟 is the volatility 
risk premium, and 𝜃𝑡
(𝕧)
= 𝔼𝑡 𝑟𝑡
(𝑉𝑣𝑜𝑙) − 𝑟  is the vol-of-vol premium. 
It is natural to seek an extension of stochastic volatility models (30) allowing for jumps in 
the stock-price. We suggest the following one: 
            𝑑𝑆𝑡 = (𝛼 − 𝜆𝜅)𝑆𝑡−𝑑𝑡 +   𝜎(𝑉𝑡)𝑆𝑡−𝑑𝐵𝑡 + 𝓏𝑡(𝕪𝑡 − 1)𝑆𝑡−𝑑𝑁𝑡 , 𝑡 ≥ 0  
          𝑑𝓏𝑡 = 𝑎
(𝓏)𝓏𝑡𝑑𝑡 + 𝑏
(𝓏)𝓏𝑡𝑑𝐵𝑡, 𝑎
(𝓏) ∈ 𝑅, 𝑏(𝓏) > 0 ,                                                             
            𝑑𝑉𝑡 = 𝛼(𝑚 − 𝑉𝑡)𝑑𝑡 + 𝜑𝑑𝑊𝑡, 𝑑𝐵𝑡𝑑𝑊𝑡 = 𝜌𝑑𝑡  
            𝑉0 > 0, 𝛼 > 0,𝑚 > 0, 𝜑 > 0, 𝜌 ∈ (−1,1) .                                                                           
The triplet (𝑆𝑡, 𝓏𝑡, 𝑉𝑡), 𝑡 ≥ 0, is defined on a stochastic basis (Ω,ℱ, {ℱ𝑡}𝑡≥0, ℙ) generated 
by the correlated Brownian motions 𝐵𝑡 𝑊𝑡 and Poisson process 𝑁𝑡 and an independent of  
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( 𝐵𝑡, 𝑊𝑡 , 𝑁𝑡),  jump-amounts (jump-sizes)  𝐽
(𝑙) ≜ 𝐽 ≜ {
𝑙𝑛𝜓    𝑤. 𝑝.  𝑝 ∈ (0,1)
0       𝑤. 𝑝.     1 − 𝑝
. The riskless bond 
dynamics is given by equation (2). 
Then following the definitions of the new publicly traded assets introduced in this and the 
previous section, we define a hedging portfolio with the following dynamics:  
                                  𝑑𝑌(𝑆𝑡, 𝓏𝑡, 𝑡) =  ct
(1)𝑑𝑆𝑡 + ct
(2)𝑑𝑆𝑡
𝛿 + ct𝑉𝑡 +  𝑟𝑚𝑡𝑑ℳ𝑡 + 𝑏𝑡𝛽𝑡𝑑𝑡     
where 
                                            𝑑ℳ𝑡 = dℳt = rℳt−dt + (𝕪t − 1)ℳt−dNt, t ≥ 0   . 
The corresponding PDE for 𝑌(x, 𝑧, 𝑡), 𝑥 > 0, 𝑧 > 0, 𝑡 ≥ 0, can be readily derived 
following the same arguments as the proof of Propositions 10 and 12. 
IV.   Fractional Brownian motion and long-range dependence in finance 
              The obvious observation that no “best-suited” hedging instruments can save a wrong 
pricing model is sometimes forgotten in academic research. A well-known example is the use of 
fractional geometric Brownian motion (FGBM) as an asset pricing model for no-arbitrage markets. 
Rogers (1997) first stated that the application of the fractional Brownian motion (FBM) is useless 
in option pricing, and suggested using a semimartingale exhibiting a form of long-range 
dependence (LRD). Despite that fact, asset pricing with FGBM and its many variations is a popular 
topic in financial academic research. Extensive references lists are provided in Rostek (2009). 
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The attractiveness of FGBM in modeling asset pricing comes from the obvious fact that if 
the underlying return process is an arithmetic FBM with Hurst index 𝐻 ∈ (
1
2
, 1], then the price 
process exhibits LRD15, and that phenomena seems to exist in financial markets (for example, high 
frequency traded markets) . 
Although FBM is an elegant mathematical object to study in most areas of science, and 
despite the wide use of FBM in phenomena exhibiting LRD, it is presumptuous to automatically 
assume that FBM should be used in finance as well.   
In our opinion, the failure of the attempts to use FBM (and thus FGBM) in arbitrage free 
asset pricing are threefold. First, FBM is not a semimartingale and therefore making artificial 
adjustments cannot help the use of fractional models in no-arbitrage market. 
Some of those attempted adjustments are:  
(1) approximating FBM with semimartingales; 
 
(2)  mixing FBM with an independent Brownian motion;  
 
(3)  considering other fractional processes such as the Rosenblatt - Hermite processes; 
 
(4) using multifractal models (those made the FBM-model even worst!); 
 
 (5) introducing artificial transaction costs;  
 
(6) approximating FGBM with binary models with restrictions on the trade executions;  
 
(7) weakening the notion of arbitrage; 
 
 (8) using Wick-Itô-Skorohod integrals with respect to FBM. 
                                                          
15 We refer to Samorodnitsky (2016) as a general reference on LRD phenomenon and LRD- 
 
modeling approaches. 
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 Second, FBM exhibits a price dependence structure which allows for the hedger using  
 
FGBM to “consider the future”, leading to pure arbitrage opportunities. Therefore, FBM is not to  
 
be used in no-arbitrage market models. If FBM is to be used in finance, that could be in asset  
 
pricing in the following financial markets: 
 
 (1) markets with traders having asymmetric information; 
 
 (2) markets with limited arbitrage opportunities;  
 
 Finally, FBM is a very restrictive model for LRD, and thus very restrictive in real financial  
 
data. As we pointed out, LRD has various manifestations:  
 
(1) fractal structure; 
 
 (2)  slow decay of the autocorrelations;  
 
 (3) stationary process exhibits LRD if the variance of the sample mean of 𝑛 consecutive  
 
observations grow more slowly asymptotically than a sequence of independent identically  
 
distributed (i.i.d.) observations;  
 
(4) LRD process has a spectral density, which is unbounded, but still integrable, near the  
 
zero frequency; 
 
(5) LRD can be observed in the mean, volatility and higher moments of the price process;  
 
(6) LRD is more pronounced in high frequency data and especially in the volatility, but it seems  
 
to disappear in data with frequency higher than 5 seconds (as per comments from high-frequency  
 
traders and our own observations in real trading).  
 
Therefore, LRD is a very illusive phenomenon to model, and pronounces itself in different  
 
forms in different market conditions such as regime switching, structural breaks and sub-critical  
 
phase-transition (“riding a financial bubble “) and super-critical phase-transition (the aftermath   
 
33 
 
of financial crash). If a market exhibits LRD, it will also exhibit volatility clustering, the leverage  
 
effect, and heavy tails for the return distributions, and there are plenty of financial models with  
 
semimartingales as price processes to encompass all that phenomena. 
 
 On a positive note, if we limit ourselves to LRD in a sense of slow decay of autocorrelations 
for a stock-return series, flexible option pricing models do exist (Barndorff-Nielsen and Stelzer 
(2013)).  However, because the developed pricing models are extremely complex hedging 
strategies were not discussed in those works. 
We suggest a different approach. The general idea of our model is to introduce stochasticity 
and self-excitation (potentially leading to LRD) in the price process and the volatility process. This 
model is a modification of the model suggested in Aït-Sahalia, Cacho-Diaz and Laeven, (2015).  
 Formally we introduce the following self-exciting stochastic volatility-of-volatility model, 
shortly, SESV-model: 
              𝑑𝑆𝑡 = 𝜇𝑡𝑆𝑡𝑑𝑡 +  𝜎(𝑉𝑡)𝑆𝑡𝑑𝐵𝑡 + 𝑍𝑡
(𝑆) 𝑑𝑁𝑡
(𝑆) , 𝑡 ≥ 0, 𝑆0 > 0 , 
              𝑑𝑉𝑡 = 𝛼𝑡𝑑𝑡 + 𝜑(𝕧𝑡)𝑑𝐵𝑡
(𝑉) + 𝑍𝑡
(𝑉) 𝑑𝑁𝑡
(𝑉)
 𝑑𝐵𝑡𝑑𝐵𝑡
(𝑉) = 𝜌(𝑉)𝑑𝑡, 𝑉0 > 0, 𝜌
(𝑉) ∈ (−1,1)     
             𝑑𝕧𝑡 = 𝑏𝑡𝑑𝑡 + 𝜓𝑡𝑑𝐵𝑡
(𝕧)
, 𝑑𝐵𝑡𝑑𝐵𝑡
(𝕧) = 𝜌(𝕧)𝑑𝑡, 𝑑𝐵𝑡
(𝑉)𝐵𝑡
(𝕧) = 𝜚𝑑𝑡, 𝕧0 > 0, 𝜌
(𝕧), 𝜚 ∈ (−1,1)     
              𝑑𝜆𝑡
(𝑆)
= 𝛼𝑡
(𝜆,𝑆)(𝜆∞
(𝑆) − 𝜆𝑡
(𝑆)
)𝑑𝑡 + 𝛽𝑡
(𝜆,𝑆)
𝑑𝑁𝑡
(𝑆), 𝜆0
(𝑆)
> 0, 
               𝑑𝜆𝑡
(𝑉)
= 𝛼𝑡
(𝜆,𝑉)
(𝜆∞
(𝑆) − 𝜆𝑡
(𝑆))𝑑𝑡 + 𝛽𝑡
(𝜆,𝑉)
𝑑𝑁𝑡
(𝑉)
, 𝜆0
(𝑉)
> 0  ,                                  (41)              
where (𝑆𝑡, 𝑉𝑡 , 𝕧𝑡), 𝑡 ≥ 0 is defined on a stochastic basis (Ω, ℱ, {ℱ𝑡}𝑡≥0, ℙ) generated by the 
correlated Brownian motions (𝐵𝑡, 𝐵𝑡
(𝑉), 𝐵𝑡
(𝕧)), 𝑡 ≥0 and point processes 𝑁𝑡
(𝑆)
 and 𝑁𝑡
(𝑉)
 with 
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stochastic self-exciting intensities  𝜆𝑡
(𝑆)
, 𝑡 ≥ 0, and 𝜆𝑡
(𝑉)
, 𝑡 ≥ 0, respectively16.  SESV can be 
viewed as an extension of Merton’s diffusion model, with (i) stochastic volatility for the prices 
and the volatility processes, and (ii) the jump intensities in the prices and volatilities are self-
exciting processes. SESV is flexible enough to model price processes with volatility clustering and 
LRD in the price and volatility processes. It also models “contagion”, manifesting the following 
phenomena: sharp price-drop (or, large increase in the stock-volatility, respectively) self-excites 
and propagates in following the event prices (respectively, the volatilities).  
SESV-model incorporates the model structure of Hawkes processes, which exhibits power-
law decay of the auto-correlation function, leading to LRD, see Jaison and Rosenbaum (2015).   
The model17 is rich enough to encompass phenomena such as volatility clustering, non-
Gaussian unconditional returns and LRD in the sense of slow decay of the autocorrelations of the 
log-returns.   
The market model (41) to become complete should include two new securities in addition 
to the ones we have already introduced. The price processes of those new publicly trade assets are  
𝑑𝑀𝑡
(𝑆) = 𝑚(𝑆)𝑑𝑡 + 𝑍𝑡
(𝑆) 𝑑𝑁𝑡
(𝑆)
                                                              (42) 
and   
𝑑𝑀𝑡
(𝑉) = 𝑚(𝑉)𝑑𝑡 + 𝑍𝑡
(𝑉) 𝑑𝑁𝑡
(𝑉)
                                                            (43) 
                                                          
16  For a review of the literature on Hawkes processes in science see Comment B4 in Appendix B,  
 
Internet Appendix to this paper. 
 
17 We assume that the usual regularity conditions on the model parameters are satisfied. 
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To conclude this final section, let us make one last comment. If  ℶ ( a typical high-frequency 
trader), is interested in a model exhibiting volatility clustering and LRD both in the return series 
and in the volatility, we recommend (31). We believe over time, market makers will see the need 
for those additional instruments which we suggested, and those trading instruments will be 
introduced. 
In concluding this final section, let us return to the market model with FRM. Our high 
frequency trader ℶ  using FGBM has some information about future prices, which lead to arbitrage 
opportunities against noisy investors who traded foolishly per the old-fashion no-arbitrage pricing 
theory. But suppose that the arbitrage trading instrument with FGMB as a price processes is 
available to all market participants not just to ℶ. It is like Tour de France where all cyclists take 
the same amount of doping. If we accept that this will be a fair cycling event, we can use the same 
analog in finance.  Under this scenario,  ℶ  is hedging with three publicly available for trade assets:  
(i) the stock with a GBM as a price process  
                      𝑑𝑆𝑡 = μ𝑆𝑡𝑑𝑡 +  𝜎𝑆𝑡𝑑𝐵𝑡,𝑡 ≥ 0, 𝑆0 > 0, μ > 0, 𝜎 > 0 ;                                        (44)  
 (ii) the bond with price process  
                                     𝑑𝛽𝑡 = r𝛽𝑡𝑑𝑡, 𝑡 ≥ 0, 𝛽0 = 1, μ > r > 0                                                        (45)                                                     
 and  
(iii) the “doping security” 𝒟(𝐻) with price process 
                               𝑑𝐷𝑡
(𝐻) = 𝜇(𝐻)𝐷𝑡
(𝐻)𝑑𝑡 + 𝜎(𝐻)𝐷𝑡
(𝐻)𝑑𝐵𝑡
(𝐻), 𝐷0
(𝐻) > 0.                                                 (46)  
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In (46), 𝐵𝑡
(𝐻), 𝑡 ≥ 0 a is FBM with Hurst index 𝐻 ∈ (0,1) ∖ {
1
2
}, and (45) and (46) are 
defined on stochastic basis (Ω, ℱ, {ℱ𝑡}𝑡≥0, ℙ) generated by the Brownian motion 𝐵𝑡 , 𝑡 ≥ 0 and the 
FBM 𝐵𝑡
(𝐻), 𝑡 ≥ 0. Given an ECC with price process  Yt = 𝑌(𝑆𝑡, 𝐷𝑡 , 𝑡), ℶ  forms a self-financing 
portfolio18, 
𝑌(𝑆𝑡, 𝐷𝑡 , 𝑡) = 𝑎𝑡𝑆𝑡 + 𝑏𝑡𝛽𝑡 + 𝑐𝑡𝐷𝑡
(𝐻). 
Then, applying stochastic calculus in the presence of FBM (Rostek 2009) and standard replication 
hedging arguments result in the following PDE for the derivative price process 𝑌(𝑆𝑡, 𝐷𝑡  , 𝑡):  
𝜕𝑌(x,y ,𝑡)
𝜕𝑡
+ 𝑟
𝜕𝑌(x,y ,𝑡)
𝜕𝑥
x + 𝑟
𝜕𝑌(𝑆𝑡,𝐷𝑡 ,𝑡)
𝜕𝑦
𝑦 −  
−𝑟𝑌(x, t, 𝑡) +
1
2
𝜕2𝑌(x,y ,𝑡)
𝜕𝑥2
𝜎2𝑥2 = 0.                                           (47) 
This equation gives the value of an  ECC-contract when buyer and the seller have equal opportunity 
for arbitrage opportunities. Needless-to-say we recommend model (41), over (47). 
V.  Conclusions   
In this paper, we have developed a novel approach to hedging derivatives by introducing specially 
designed (“ideal”) publicly available for trade assets . These assets allow the option writer to form 
a hedging portfolios which (i) reduces the trading costs in markets with frictions; (ii) removes the   
jump risk when the underlying price process is a jump-diffusion process; (iii) removes the 
volatility risk when the underlying price process exhibits stochastic volatility. The corresponding 
PIDE and PDE for the derivative price processes are derived. We addressed the issue of wrong (or 
                                                          
18 This portfolio as we pointed out could have been an arbitrage portfolio, that is not of big  
 
importance as all market participants have access to such an arbitrage 
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better said misplaced) models in finance, and why no improvements can help in making those 
financial models worth studying.  On the example of fractional market model, we suggested model 
consistent with dynamic pricing theory and still encompassing the phenomena fractional markets 
model and more. 
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APPENDIX A. Proofs 
Proof of Proposition 1: Let 𝑉𝑡 = 𝑔(𝑆𝑡, 𝛽𝑡) where 𝑔(𝑥, 𝑦), 𝑥 ≥ 0, 𝑦 ≥ 0 is a sufficiently 
smooth function. Then  
𝑉𝑡
𝛽𝑡
 is a ℚ−martingale is and only if  
𝜕
𝜕𝑥
𝑔(𝑥, 𝑦)𝑟𝑥 +
𝜕
𝜕𝑦
𝑔(𝑥, 𝑦)𝑟𝑦 − 𝑟𝑔(𝑥, 𝑦) +
1
2
𝜕2
𝜕𝑥2
𝑔(𝑥, 𝑦)𝜎2𝑥2 = 0 
which is satisfied for 𝑔(𝑥, 𝑦) = 𝑥𝜁𝑦𝛾. 
 Proof of Proposition 2: ℶ forms a self-financing strategy with stock and 𝕍 , Yt =
at𝑆𝑡 + bt𝑉𝑡, with  dYt = (atμ𝑆𝑡 + bt ( 𝛿𝜇 +
1
2
 𝛿( 𝛿 − 1)𝜎2) St
 𝛿)𝑑𝑡 + (at𝜎𝑆𝑡 + bt 𝛿 𝜎St
 𝛿)𝑑𝐵𝑡 . 
 Equating the terms at (…)dBt and applying Yt = at𝑆𝑡 + bt𝑉𝑡 leads to   
at =
𝜕𝑌(𝑆𝑡,𝑡)
𝜕𝑥
 
1
1−𝛿
− 
𝛿
1−𝛿
𝑌(𝑆𝑡,𝑡)
𝑆𝑡
 , and bt =
𝑆𝑡
1− 𝛿
1− 𝛿
[
𝑌(𝑆𝑡,𝑡)
𝑆𝑡
−
𝜕𝑌(𝑆𝑡,𝑡)
𝜕𝑥
] .  
which proves the proposition. 
Proof of Proposition 3:  Choosing  𝑐𝑡  to minimize the error term 
𝜑(𝑐𝑡) = (𝑎𝑡𝜎𝜖𝑆𝑡 + 𝑐𝑡𝜎𝑉(1 + 𝜖)𝑉𝑡)
2 + (−𝑎𝑡μ𝜀𝑆𝑡 + 𝑐𝑡𝜇𝑉(1 − 𝜀)𝑉𝑡)
2 → 𝑚𝑖𝑛 
 𝑐𝑡 leads to  𝑐𝑡 = 𝑎𝑡Θ(𝑡, 𝜀). Then the delta position in the stock is given by  𝑎𝑡 =
𝜕𝑌(𝑆𝑡,𝑡)
𝜕𝑥
Ψ(𝑡, 𝜀).  
Equating the terms  (… )𝑑𝑡: 
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𝜕𝑌(𝑆𝑡, 𝑡)
𝜕𝑡
+ 
𝜕𝑌(𝑆𝑡, 𝑡)
𝜕𝑥
 μ𝑆𝑡 +
1
2
𝜕2𝑌(𝑆𝑡, 𝑡)
𝜕𝑥2
 𝜎2𝑆𝑡
2 = 
= 𝑎𝑡μ(1 − 𝜀)𝑆𝑡 + 𝑏𝑡𝑟𝛽𝑡 + 𝑐𝑡𝜇𝑉(1 − 𝜀)𝑉𝑡 
proves the proposition. 
Proof of Proposition 4.  
Consider replication strategy, 𝑉𝑡 = 𝑎𝑡𝑆𝑡 + 𝑏𝑡𝛽𝑡, with 
  𝑑𝑉𝑡 = 𝑎𝑡𝑑𝑆𝑡 + 𝑏𝑡𝑑𝛽𝑡 = 𝑎𝑡(μ − 𝐷𝑦)𝑆𝑡𝑑𝑡 + 𝑟𝑏𝑡𝛽𝑡𝑑𝑡 + 𝑎𝑡 𝜎𝑆𝑡𝑑𝐵𝑡 = 
leading to  𝑎𝑡 = 𝛿St
 𝛿−1. Using  St
 𝛿 = 𝑎𝑡𝑆𝑡 + 𝑏𝑡𝛽𝑡,  and equating the 
 terms (… )𝑑𝑡 we obtain  𝐷𝑦
(𝕍) = 𝛿𝐷𝑦. 
Remark: Suppose we have an option with price, 𝑌𝑡 = 𝑌(𝑆𝑡, 𝑡) written against the stock paying 
dividend yield 𝐷𝑦. Applying the replication strategy  
𝑌(𝑆𝑡, 𝑡) = 𝑎𝑡𝑉𝑡 + 𝑏𝑡𝛽𝑡 
where the security with price process 𝑉𝑡 = St
 𝛿 pays dividend yield 𝐸𝑦 = 𝑟𝐷𝑦 we obtain the BSM-
equation: 
𝜕𝑌(𝑆𝑡,𝑡)
𝜕𝑡
+
𝜕𝑌(𝑆𝑡,𝑡)
𝜕𝑥
(𝑟 − 𝐷𝑦)𝑆𝑡 − 𝑟𝑌(𝑆𝑡, 𝑡) −
1
2
𝜕2𝑌(𝑆𝑡,𝑡)
𝜕𝑥2
𝜎2𝑆𝑡
2 = 0  
as expected. 
 Proof of Proposition 5: Then with 𝑟𝑡
(𝑌)𝑑𝑡 =
𝑑Yt
𝑌𝑡
, and 𝑟𝑡
(𝑉)
𝑑𝑡 =
𝑑𝑉𝑡
𝑉𝑡
, it follows that  
𝑟𝑡
(𝑌)𝑑𝑡 =
1
𝑌𝑡
(
𝜕𝑌(𝑆𝑡,𝑡)
𝜕𝑡
+ 
1
2
𝜕2𝑌(𝑆𝑡,𝑡)
𝜕𝑥2
 𝜎𝑡
2𝑆𝑡
2 −
𝜕𝑌(𝑆𝑡,𝑡)
𝜕𝑥
1
2
( 𝛿𝑡 − 1)𝜎𝑡
2𝑆𝑡)  𝑑𝑡 + 
𝜕𝑌(𝑆𝑡,𝑡)
𝜕𝑥
1
 𝛿𝑡
St
1− 𝛿𝑡 𝑉𝑡
𝑌𝑡
𝑟𝑡
(𝑉)
𝑑𝑡 
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Next,  𝛽𝑡
(𝑌,𝑀)
=
𝐶𝑜𝑣𝑡(𝑟𝑡
(𝑌)
,𝑟𝑡
(𝑀)
)
𝑣𝑎𝑟𝑡( 𝑟𝑡
(𝑀)
)
=
𝜕𝑌(𝑆𝑡,𝑡)
𝜕𝑥
1
 𝛿𝑡
St
1− 𝛿𝑡 𝑉𝑡
𝑌𝑡
𝛽𝑡
(𝑉,𝑀)
,and thus  
𝔼𝑡𝑑𝑌𝑡 = 𝑟𝑡𝑌𝑡𝑑𝑡 +
𝜕𝑌(𝑆𝑡,𝑡)
𝜕𝑥
1
 𝛿𝑡
St
1− 𝛿𝑡𝑉𝑡𝛽𝑡
(𝑌,𝑀)
(𝔼𝑡 𝑟𝑡
(𝑀)
− 𝑟𝑡)𝑑𝑡  
Equating the expressions for 𝔼𝑡𝑑𝑌𝑡 proves the proposition. 
Proof of Proposition 6:  For simplicity of the exposition we will consider the bivariate case only. 
First let us recall the Black-Scholes Equation in the bivariate case: The stocks dynamics is given 
by 
𝑑𝑋𝑡 = 𝜇𝑡
(𝑋)
𝑋𝑡𝑑𝑡 + 𝜎𝑡
(𝑋,𝐵)𝑋𝑡𝑑𝐵𝑡 + 𝜎𝑡
(𝑋,𝑊)𝑋𝑡𝑑𝑊𝑡 
𝑑𝑌𝑡 = 𝜇𝑡
(𝑌)
𝑌𝑡𝑑𝑡 + 𝜎𝑡
(𝑌,𝐵)𝑌𝑡𝑑𝐵𝑡 + 𝜎𝑡
(𝑌,𝑊)𝑌𝑡𝑑𝑊𝑡 
and given an ECC with price process 
𝐶𝑡 = 𝐶(𝑋𝑡, 𝑌𝑡, 𝑡) 
We replicate  𝐶𝑡 = 𝐶(𝑋𝑡, 𝑌𝑡, 𝑡) by a self-financing strategy:   
𝐶(𝑋𝑡, 𝑌𝑡, 𝑡) = 𝑎𝑡
(𝑋)
𝑋𝑡 + 𝑎𝑡
(𝑌)
𝑌𝑡 + 𝑏𝑡𝛽𝑡 
Then 
  𝑑𝐶(𝑋𝑡, 𝑌𝑡, 𝑡) = 𝑎𝑡
(𝑋)
𝑑𝑋𝑡 + 𝑎𝑡
(𝑌)
𝑑𝑌𝑡 + 𝑏𝑡𝑑𝛽𝑡 = 𝑑𝑡 + 
+(𝑎𝑡
(𝑋)𝜎𝑡
(𝑋,𝐵)𝑋𝑡 + 𝑎𝑡
(𝑌)𝜎𝑡
(𝑌,𝐵)𝑌𝑡)𝑑𝐵𝑡 + (𝑎𝑡
(𝑋)𝜎𝑡
(𝑋,𝑊)𝑋𝑡 + 𝑎𝑡
(𝑌)𝜎𝑡
(𝑌,𝑊)𝑌𝑡)𝑑𝑊𝑡 
Equating the terms for 𝑑𝐶(𝑋𝑡, 𝑌𝑡, 𝑡) leads to  
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𝑎𝑡
(𝑋) =
𝜕𝐶(𝑋𝑡, 𝑌𝑡, 𝑡)
𝜕𝑥
, 𝑎𝑡
(𝑌) =
𝜕𝐶(𝑋𝑡, 𝑌𝑡, 𝑡)
𝜕𝑦
 
and the no-arbitrage assumption holds if and only if  
      𝛿 =  −
2𝑟
(𝜎𝑡
(𝑋,𝐵)
)
2
+(𝜎𝑡
(𝑋,𝑊)
)
2, 
and 
𝛾 =  −
2𝑟
(𝜎𝑡
(𝑌,𝐵)
)
2
+(𝜎𝑡
(,𝑊)
)
2  
,which completes the proof of the proposition. 
Proof of Proposition 7:  Applying CCAPM and making use of Merton’s assumption 
𝔼𝑡𝑟𝑡
(𝑆)
= 𝑟 − 𝛽𝑡
(𝑆,𝑀)
(𝔼𝑡𝑟𝑡
(𝑀)
− 𝑟) , 
 𝔼𝑡𝑟𝑡
(𝑌)
= 𝑟 − 𝛽𝑡
(𝑌,𝑀)
(𝔼𝑡𝑟𝑡
(𝑀)
− 𝑟)  
 𝛽𝑡
(𝑌,𝑀)
=
𝐶𝑜𝑣𝑡(𝑟𝑡
(𝑌)
,𝑟𝑡
(𝑀)
)
𝑣𝑎𝑟𝑡( 𝑟𝑡
(𝑀)
)
=
𝜕𝑌(𝑆𝑡,𝑡)
𝜕𝑥
𝑆𝑡
𝑌𝑡
𝛽𝑡
(𝑆,𝑀)
 . 
we have two expressions for 𝔼𝑡dYt = Yt𝔼𝑡𝑟𝑡
(𝑌)
𝑑𝑡: 
𝔼𝑡dYt = (
𝜕𝑌(𝑆𝑡−,𝑡)
𝜕𝑡
+
1
2
𝜎2𝑆𝑡−
2 𝜕
2𝑌(𝑆𝑡,𝑡)
𝜕𝑥2
)𝑑𝑡 + 
𝜕𝑌(𝑆𝑡,𝑡)
𝜕𝑥
 𝑆𝑡 (𝑟 − 𝛽
(𝑆,𝑀)(𝔼𝑡𝑟𝑡
(𝑀) − 𝑟)) 𝑑𝑡 +  
+{𝔼 [𝑌(𝕪𝑡𝑆𝑡, 𝑡) − 𝑌(𝑆𝑡−, 𝑡) −
𝜕𝑌(𝑆𝑡,𝑡)
𝜕𝑥
𝑆𝑡−(𝕪𝑡 − 1)]} 𝜆𝑑𝑡  
and  
𝔼𝑡dYt = 𝑟𝑌𝑡𝑑𝑡 −
𝜕𝑌(𝑆𝑡,𝑡)
𝜕𝑥
𝑆𝑡𝛽𝑡
(𝑆,𝑀)
(𝔼𝑡𝑟𝑡
(𝑀) − 𝑟)𝑑𝑡  
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Equating  𝔼𝑡dYt terms and setting 𝑆𝑡 = 𝑥 completes the proof of the proposition.. 
LEMMA A.1.Under the assumptions of Merton’s jump diffusion model, the process 𝑎St
𝜚
, 𝑡 ≥ 0 
discounted by the risk-neutral measure ℚ  is a martingale (and thus a security with this price 
process can be publicly traded) if and only if the constants  𝑎 and 𝜚 satisfy the equations 
𝜚2 −
𝜓𝜚−1
𝜓−1
𝛿 − 𝜚 +  𝛿 = 0 ,  𝑎 =
𝜓𝜚−1
𝜌(𝜓−1)
   .                                                                
Proof of Lemma A.1: Denote  𝑊𝑡 = aSt
𝜌
. Then by ICAPM: 
𝔼𝑡
𝑑𝑊𝑡
𝑊𝑡
= 𝔼𝑡𝑟𝑡
(𝑊)
𝑑𝑡 = 𝑟𝑑𝑡 + 𝛽𝑡
(𝑊,𝑀)(𝔼𝑡 𝑟𝑡
(𝑀)
− 𝑟𝑡)𝑑𝑡.  
 Repeating the arguments we applied in the proof of Proposition 2 proves the lemma. 
Proof of Proposition 9: Consider the self-financing trading strategy  𝑌(𝑆𝑡,𝑀𝑡 , 𝑡) =
𝑎𝑡𝑆𝑡+𝑐𝑡𝑀𝑡 + 𝑏𝑡𝛽𝑡.  Equating the terms for 𝑑𝑌(𝑆𝑡,𝑀𝑡 , 𝑡) leads to: 
                                                𝑎𝑡 =
𝜕𝑌(𝑆𝑡−,𝑀𝑡,𝑡)
𝜕𝑥
,  
 and 
                                     𝑐𝑡 =
𝜕𝑌(𝑆𝑡−,𝑀𝑡,𝑡)
𝜕𝑧
−
𝑆𝑡−
𝑀𝑡−
−
𝜕𝑌(𝑆𝑡−,𝑀𝑡,𝑡)
𝜕𝑥
𝑌(𝑆𝑡,𝑀𝑡,𝑡)−𝑌(𝑆𝑡−,𝑀𝑡−,𝑡)
(𝜓−1)𝑀𝑡−
. 
Comparing the term (… )𝑑𝑡  completes the proof of the proposition. 
Proof of Proposition 10: We seek a self-financing portfolio of the form 
𝑌(𝑆𝑡, 𝓏𝑡, 𝑡) =  ct
(1)𝑆𝑡 + ct
(2)𝑆𝑡
𝛿 +𝑚𝑡ℳ𝑡 + 𝑏𝑡𝛽𝑡 = 
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with  dYt = 𝑑𝑌(𝑆𝑡, 𝓏𝑡, 𝑡) =  ct
(1)𝑑𝑆𝑡 + ct
(2)𝑑𝑆𝑡
𝛿 +𝑚𝑡𝑑ℳ𝑡 + 𝑏𝑡𝑑𝛽𝑡 . To capture the 𝑑𝓏𝑡-risk, we 
use the replicating portfolio the representation: 
𝑑𝑆𝑡 = {(𝛼 − 𝜆𝜅)𝑆𝑡− − 𝜎𝑆𝑡−
𝑎(𝓏)
𝑏(𝓏)
1
𝓏𝑡
} 𝑑𝑡 + 𝜎𝑆𝑡−
1
𝑏(𝓏)
1
𝓏𝑡
𝑑𝓏𝑡 + 𝓏𝑡(𝕪𝑡 − 1)𝑆𝑡−𝑑𝑁𝑡 
in the term ct
(1)𝑑𝑆𝑡. Thus  
𝑚𝑡 =
(𝜓𝑆𝑡𝓏𝑡, 𝑡) − 𝑌(𝑆𝑡−𝓏𝑡, 𝑡)
(𝜓 − 1)ℳ𝑡−
−
𝜕𝑌(𝑆𝑡−, 𝓏𝑡, 𝑡)
𝜕𝑧
𝑏(𝓏)𝓏𝑡
𝜎
1
ℳ𝑡−
−
1
𝛿
𝜕𝑌(𝑆𝑡−, 𝓏𝑡, 𝑡)
𝜕𝑥
𝑆𝑡−𝓏𝑡
𝛿
[ψ𝛿 − 1]
(𝜓 − 1)ℳ𝑡−
 
With similar expressions for ct
(1)
 and ct
(2) .Then equalizing he terms with (… )𝑑𝑡  results in the 
required PDE, completing the proof of the proposition. 
Proof of Proposition 11:   
Combining the expressions for 𝔼𝑡𝑑Yt 
𝔼𝑡𝑑Yt =
{
 
 
 
 
𝜕𝑌(𝑆𝑡,𝑉𝑡 𝑡)
𝜕𝑡
+
+
1
2
𝜕2𝑌(𝑆𝑡,𝑉𝑡 𝑡)
𝜕𝑥2
(𝜎(𝑉𝑡)𝑆𝑡)
2 +
𝜕2𝑌(𝑆𝑡,𝑉𝑡 𝑡)
𝜕𝑥𝜕𝑦
𝜎(𝑉𝑡)𝑆𝑡𝜑𝜌 +
+
1
2
𝜕2𝑌(𝑆𝑡,𝑉𝑡 𝑡)
𝜕𝑦2
𝜑2 }
 
 
 
 
 𝑑𝑡 +    
+
𝜕𝑌(𝑆𝑡,𝑉𝑡 𝑡)
𝜕𝑥
(𝑆𝑡𝑟𝑑𝑡 + 𝛽𝑡
(𝑆,𝑀)𝑆𝑡(𝔼𝑡 𝑟𝑡
(𝑀) − 𝑟)) 𝑑𝑡 +  
+
𝜕𝑌(𝑆𝑡,𝑉𝑡 𝑡)
𝜕𝑦
𝔼𝑡 (𝜂𝑡𝑉𝑡𝑑𝑡 + 𝛽𝑡
(𝑉,𝑀𝑣𝑜𝑙)𝑉𝑡(𝔼𝑡 𝑟𝑡
(𝑀𝑣𝑜𝑙)
− 𝑟))  
and 𝔼𝑡𝑑Yt = 𝑟𝑌𝑡𝑑𝑡 + {
𝜕𝑌(𝑆𝑡,𝑉𝑡,𝑡)
𝜕𝑥
𝑆𝑡𝛽𝑡
(𝑆,𝑀)
+
𝜕𝑌(𝑆𝑡,𝑉𝑡,𝑡)
𝜕𝑦
𝑉𝑡𝛽𝑡
(𝑉,𝑀)
} (𝔼𝑡 𝑟𝑡
(𝑀)
− 𝑟)𝑑𝑡 
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with  𝑌𝑡𝛽𝑡
(𝑌,𝑀)
= 𝐶𝑜𝑣(𝑟𝑡
(𝑌), 𝑟𝑡
(𝑀)) =
𝜕𝑌(𝑆𝑡,𝑉𝑡,𝑡)
𝜕𝑥
𝑆𝑡𝛽𝑡
(𝑆,𝑀)
+
𝜕𝑌(𝑆𝑡,𝑉𝑡,𝑡)
𝜕𝑦
𝑉𝑡𝛽𝑡
(𝑉,𝑀)
 
which proves the proposition.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
